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Abstract
The goal of statistical decision theory (SDT) is to select optimal actions that maximize
an agent’s expected gain or minimize an agent’s expected risk, in the presence of
uncertainty. Since most human behavior is goal directed, this paper argues that SDT
can be used to provide an understanding of natural movements. However, if people
are acting to minimize their expected risk, it necessitates the brain has knowledge of
the system’s uncertainty, in addition to the loss function that is associated with the
task. Therefore, the first part of this paper psychophysically investigates if humans
plan for uncertainty when making grasping movements, while the second portion of
the paper attempts to reverse-engineer a natural loss function that can predict the
contact locations people use when making a grasp. As a means to explore if the brain
is aware of its uncertainty, subjects were required to repeatedly reach to the same
object while gaze direction was varied, both when the target was in view and when it
was occluded. The results show that observers’ reach parameters systematically vary
as a function of the expected optimal uncertainty. Moreover, it is demonstrated that
these changes in reach behavior are predicted by a Bayesian model that quantifies
the uncertainty associated with the sources of information in the task: visual, haptic,
and eye position information. The second portion of this paper outlines a natural loss
function that can predict the contact locations people use when making a grasp. The
loss function is based on the physics of object manipulation and assumes that people
place their fingers in locations that provide accurate object motion with minimum
force. The model predictions were tested by requiring subjects to reach an object at
varying orientations, and the results indicate that people are reaching in a manner that
minimizes their expected risk for the task. Overall, these results demonstrate that
people are acting in a manner consistent with the theoretical principals of statistical
decision theory. Therefore, it appears that SDT is a useful tool that can be used to
investigate natural human behavior.
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2.1

Figure demonstrates how MGA is predicted to vary with uncertainty. It is assumed
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employed to decrease the chance of colliding with (location 3) or missing (location
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Experimental set-up used in psychophysical reaching task. See Methods Section for
details. Subjects were allowed to view both their hand and the target throughout
the duration of the reach. Visual information was manipulated by requiring subjects to fixate different points while making their grasp. This changed the visual
uncertainty without affecting the kinematic demands of the task. When subjects
fixated the target ( [A]), the visual information was more reliable than when they
fixated an eccentric point ([B]). [C] Side view of the reach apparatus displaying
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Trajectory data across different levels of visual uncertainty. Data are color coded
into the viewing eccentricities closest to the target (Black Lines), those mid-distance
from the target (Blue Lines) and those furthest from the target (Red Lines). Each
eccentricity within a particular category is coded by a unique line type (See Data
Key). [A] Mean empirical trajectories for the finger (top traces) and thumb (bottom traces) obtained from experiment. It is clear that the finger trajectories became
more ”hooked” as the visual uncertainty increased, whereas the thumb trajectories
varied less across eccentricity. . . . . . . . . . . . . . . . . . . . . . . . . .
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Diagram depicting maximum grip aperture from the experiment. [A] Average
change in MGA across viewing eccentricity. Red line depicts the mean change
in MGA, while the error bars represent ±1 SEM. There was a significant linear
increase (blue line) in MGA as visual uncertainty increased (See Results Section).
This result is also consistent with the model for MGA presented in the paper.
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2.5

Diagram depicting grip aperture results from the experiment. See data key in Figure 2.3 for an explanation of the color codes. [A] Average grip aperture over time
for each viewing eccentricity. Visual uncertainty appears to scale the amplitude
of the grip aperture profile with high uncertainty conditions (Red Lines) having a
larger amplitude than medium uncertainty conditions (Blue Lines), which have a
larger amplitude than low uncertainty conditions (Black Lines). Black Diamonds
show the time at which maximum grip aperture occurred. [B] Average times at
which MGA occurred across viewing eccentricity. Red line depicts the mean, error
bars represent ±1 SEM. As suggested from the grip aperture data ([A]), the time
at which MGA occurs does not change as a function of visual uncertainty. This
is verified by the blue linear regression line (See Results for Details) which is flat
across eccentricity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Diagram depicting velocity results from the experiment. See data key in Figure
2.3 for an explanation of the color codes. [A] Average finger velocities in the xdimension (i.e., transport dimension) across viewing eccentricity. It is apparent
that the velocity profiles are similar across viewing eccentricity. However, around
the time of MGA (350 msec), there are small differences. [B] Shows the velocity
profiles of the finger along the x-dimension around the time of MGA. There is an
ordering of velocities at this time where high visual uncertainty conditions (Red
Lines) have a lower velocity than medium uncertainty conditions (Blue Lines),
which have a lower velocity than conditions with low visual uncertainty (Black
Lines).
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2.7

PCA reconstructed trajectory data across different levels of visual uncertainty.
See data key in Figure 2.3 for an explanation of the color codes. [A] Principal
Components Analysis (PCA) reconstructed trajectories using the first principal
component (PC). There is a high degree of similarity between the empirical (See
Figure 2.3) and PCA reconstructed trajectories, using only the first component. [B]
First PC coefficients used to reconstruct the trajectories in [A]. Error bars represent
±1 bootstrapped SEM. Least Squares linear fits to the finger (red line) and thumb
(blue line) coefficients are also provided (See Results for Details). Larger coefficient
values correspond to greater trajectory scaling along the primary dimension. The
steeper slope for the finger coefficients show that the finger trajectories scaled more
than the thumb trajectories as the amount of visual uncertainty increased. We used
a cross-validation procedure to verify the top PCA component had predictive value.
PCA was performed on random subsets in the data (diamonds), and the excluded
data (stars) were projected onto the top component. Projection coefficients for
both the included and excluded data had similar values, demonstrating that the
analysis has good predictive value. [C] Displacement vectors (See Methods Section)
for both the empirical (magenta) and PCA reconstructed (green) trajectories. The
magnitude of the vectors for the empirical and PCA trajectories are similar, whereas
the direction of the vectors are slightly rotated. Therefore, it appears that the first
PC appropriately adjusts for the magnitude of change, whereas higher order PCs
control the direction of change. . . . . . . . . . . . . . . . . . . . . . . . .
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Contact variance as a function of visual uncertainty. [A] Dashed lines represent
the mean change in contact variance across viewing eccentricity, and error bars
represent ±1 SEM. Solid lines represent the Least Squares fit to the data. A
linear increase in contact variance across viewing eccentricity was observed for the
Y- (green line) and Z-dimensions (blue line), but not for the X-dimension (red
line; See Results Section). [B] Scatter plot of MGA against contact variance with
Least Squares regression lines shown for only those correlations that are significant.
There were significant correlations between the contact variance in the Y- (green
dot) and Z-dimensions (blue dot) and MGA, but not between contact variance
along the X-dimension (red dot) and MGA (See Results Section). . . . . . . . .
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3.1

Figure illustrates the effect of eye-position CTU on the representation of object
location in eye and head coordinates. An object’s location in eye-centered coordinates (red grid) and head-centered coordinates (blue grid) can be different – it
depends on the eye’s position in the head. [A] In the case when the measured eye
position (e) perfectly corresponds to the actual eye position (r), these representations can be uniquely converted. [B] Without this perfect correspondence, there
are errors (∆) between the measured (e) and actual (r) eye positions. The result of
errors is that the same position in eye-centered coordinates (e.g.,(6,4)) corresponds
to a range of possible locations (i.e., target location uncertainty) in head-centered
coordinates, illustrated by two example dashed-line objects.

3.2

. . . . . . . . . .

49

Experimental set-up used in psychophysical reaching task. See Methods Section for
details. Visual Condition: (A-B) Subjects were allowed to see the target, but
not allowed to see their hand. Visual information was manipulated by requiring
subjects to fixate different points while making their reach. [A] When the subject’s
hand is behind the occluder (Area O), the target and fixation mark were visible.
[B] However, once the subject’s hand reached a point 1 cm from being visible (Area
C), the liquid crystal lenses are closed to ensure the subject never viewed their hand
before, during, or after the reach. This manipulation guarantees that any changes
in MGA are due to changes in the visual uncertainty about target location. Target
Occluded Condition (C-D) Subjects were not allowed to see their hand or the
target at any point. [C] However, they were still required to fixate a point before
(and while) making their reach. [D] After movement onset, vision was occluded
using liquid crystal goggles for the duration of their reach, but subjects were still
required to maintain their eye position. This manipulation allowed us to vary the
CTU while keeping the haptic information specifying object location constant. [E]
This panel displays the workspace used in the experiment, in addition to the sensor
arrangement.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3.3

Figure depicting the source of coordinate transformation uncertainty (CTU) in the
reaching task (See Modeling Section for details). [A] Information about eye position conveyed by sensorimotor signals (i.e., efference copy; proprioception; and
retinal position of the fixation mark) is modeled by a likelihood function p(e|r):
the probability of sensorimotor signals e given the actual rotation of the eye r
(blue line). This likelihood is combined with a prior on eye position p(r) (red line)
centered on forward view (0◦ ) to form the posterior distribution on eye position
p(r|e) (solid black line). This distribution provides the information required for
transformations between eye- and head-centered coordinate frames. Examples of
likelihoods and posteriors are shown for eye positions −40◦ (1) and 20◦ (2) away
from forward view. The difference in widths of the example likelihoods illustrates
how errors in sensorimotor signals vary with eye position. Panels [B-C] show consequences of the decreased reliability of sensorimotor signals away from forward view.
[B] Eye position estimates derived from the mean of p(r|e) are biased away from
forward view. Biases result because the decreased reliability of sensorimotor signals
e away from forward view produces increased dependence on the prior. [C] Shows
how uncertainty in eye position estimates increase away from forward view, as
measured by the standard deviation of the posterior distribution. This uncertainty
propagates to information remapped between eye and head-centered coordinates,
an effect called CTU. Numbered locations in Panels B and C illustrate where the
examples from Panel A fall on the bias and standard deviation graphs. . . . . .
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3.4

The diagram is a state-space representation of the computations, that treats the
memory representations of target location as a random variables. Pluses represent effects that shift the mean and/or variance of a memory distribution, while
stars represent probabilistic updates of both means and variances that result from
multiplying likelihoods. Figure illustrates the effect of CTU on the flow of information between eye- and body-centered coordinates. Because the experimental
set-up maintains a constant head-body relationship, this diagram will treat headand body-centered coordinates synonymously. For the visual condition in this task,
there was visual (v), haptic (h) and eye position (CT U ) information available during the reach cycle. Moreover, this information is accumulated over time, forming
a memory distribution (xmem - eye centered; ymem - body centered) on target
location (See Appendix). [A] Storing target representations in eye-centered coort−1
) is maintained in
dinates: The memory distribution from the previous trials (xmem

an eye-centered coordinate frame. This distribution is combined with haptic information that was acquired from the previous trial (ht−1 ) by remapping the haptic
information into eye-centered coordinates through a noisy transformation (CT U ).
At the beginning of the tth trial, the newly acquired visual information (v t ) is used
to update the target location representation, forming the target representation that
will be used to plan for the tth reach (xtmem ). [B] Storing target representations in
t−1
body-centered coordinates: The memory distribution ( ymem
) is now maintained in

a body-centered reference frame. Haptic information that was obtained from the
previous reach (ht−1 ) is used to update the memory distribution. At the beginning
of the tth trial, visual information (v t ) is acquired and remapped into body-centered
coordinates via a noisy transformation (CTU). The visual information is then used
to combined with the memory distribution to form the target estimate used to
make a reach on the current trial.

. . . . . . . . . . . . . . . . . . . . . .
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3.5

Figure showing the predicted and actual MGA trends for the experiment. [A]
Target Occluded Condition: Mean change in MGA averaged across all subjects as
a function of fixation eccentricity (the angle between fixation and target). Mean
change in MGA ± 1 SEM is depicted by the solid black circles for subjects in the
partial range condition (See Methods Section), and a dotted gray line for subjects
in the full range condition. Bayesian model predictions are superimposed on the
data for body-centered storage (solid blue line) and eye-centered storage (red lines)
for two kinds of data pooling across trials. Predictions for the grasping data are
rescaled to match the range of observed MGA changes. The data are consonant
with an eye-centered storage strategy, and also show awareness and behavioral compensation for CTU resulting from eye-position uncertainty. [B] Visual Condition:
Mean MGA values ± 1 SEM are depicted by the solid black line. MGA varied
close to linearly with eccentricity, verifying MGA captures position uncertainty.
Superimposed model predictions are similar but differ in convexity: approximately
linear for body-centered (blue line) and concave for eye-centered (red line), with
data similar in shape to the eye-centered predictions. . . . . . . . . . . . . . .
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Figure demonstrates the effect of uncertainty on finger (top traces) and thumb (bottom traces) approach trajectories. Each trace represents the mean trajectory for
that fixation point, across all subjects. The color of the trace represents the degree
that fixation deviates from the target location (10◦ = black, 40◦ = blue, 70◦ = red).
[A] Visual Condition: As the amount of visual uncertainty increases, finger trajectories become more hooked, whereas thumb trajectories do not vary substantially.
[B] Occluded Condition: Although the magnitude of change is smaller, there is a
reordering of the finger approach trajectories such that the trajectory that corresponds to the forward view location (40◦ ) now has the least amount of hook. Both
of the other fixation points (10◦ &70◦ ) appear to have similar amounts of hook. This
result is predicted by the increase in eye position uncertainty away from forward
view, supporting the notion that people are estimating their CTU when making a
grasp. Note that the finger trajectory in the target occluded condition also appears
to ”wrap-around” the object. Therefore, it also appears that subjects contacted the
object with a different part of their finger when no visual information was available. 64

xvii

3.7

Figure showing CTU predicted and actual pointing bias trends. Pointing bias
data extracted from Figure 2D of [70] (black dot) ± 95% confidence intervals with
Bayesian model predictions superimposed (red solid line). The good agreement
between predictions and pointing data suggests biases may be the result of CTU.
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Demonstrates the three components of a reach task. Red dots signify the thumb’s
position. Green dots represent the index finger’s position, and blue dots show
the object’s center of mass. [A] Approach trajectory. Optimal control trajectory
to contact conditions. [B] Selecting contact conditions. Select contact conditions
that can produce the desired object motion with minimum force and torques. [C]
Planning for object’s motion. Optimal control of object motion. Notice that this
separation has a hierarchial arrangement (from right to left). [D] Illustrates relationships between object motion and finger motions. Given frictional contact
without slippage, the object and fingers are connected by a kinematic chain. From
this view, contact selection amounts to choosing a particular object-hand linkage.
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Reach set-up employed in this experiment. Subjects were required to reach to
objects at varying orientations (horizontal, 45 degree, vertical) while their fingers
were tracked. See text for details. . . . . . . . . . . . . . . . . . . . . . . .
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Empirical contact condition data for different tasks. End-point locations and velocities of the thumb (red dots) and index finger (green dots) are given. Blue lines
on graph demonstrate the location of the center of mass (0, 0, 0), and the zero velocity (mm/csec2 ) location. [A] Contact location and velocity data for a vertically
oriented cylinder. Notice in the touch condition people were reaching to the center
of mass and terminating with zero velocity. However, in the lift condition, people
were contacting the object above the center of mass and with positive z-velocity.
[B] Contact location and velocity data for a horizontally oriented cylinder. Notice
in the touch condition people were reaching to the center of mass and terminating
with zero velocity. However, in the lift condition, people were contacting the object
with a staggered finger arrangement (thumb slightly to right of the center of mass,
but finger more right) and with positive x-velocity. [C] Diagram illustrating the
important concepts for the empirical predictions. r1 & r2 are the distance of the
finger’s and thumb’s contact location from the center of mass, respectively. L is a
point that bisects an imaginary line between the contact locations. . . . . . . .
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4.4

Risk landscapes for the horizontal touch and lift conditions. Index finger (green
dots) z-positions are plotted against thumb (red dots) z-positions. The blue dot
represents the object’s center of mass. Only the middle 80 cm of the cylinder are
shown. [A] Touch risk landscape. Heaviside function was used as loss function as
it was assumed that the task required subjects to place any part of their finger
and thumb (both assumed to be 1 cm) on the line. [B] Lift risk landscape. Loss
function detailed above was used to develop landscape. Notice that there are a set
of finger arrangements that produce accurate object motion. . . . . . . . . . .

4.5

79

Risk landscapes plotted under data from four subjects. Purple triangles represent
finger positions from an individual touch trial, and the green triangle represents
the mean finger position across all of the touch trials. Black triangles are the finger
locations from an individual lift trial, and the white triangle is the mean finger
position across the lift trials. [A] Risk landscapes for touch data. It is apparent
that the touch data falls within low risk areas for the touch landscape, but the lift
data does not fall within the low risk areas for this landscape. [B] Risk landscape
for the lift data. From the lift data, it seems that people are placing their fingers
in positions that minimize the object position risk. This suggests that people are
planning for the object’s motion and placing their fingers in locations that produce
accurate object motion.
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Figure illustrates how night vision HUDs may lead to increased speed when introduced into vehicles. The diagram assumes that people are willing to accept some
threshold of risk (i.e., probability of crashing) when driving. Please note that some
people (2) are willing to accept more of a risk than others (1). Regardless of the
level of risk people are willing to accept, introducing night vision into vehicles (blue
line) will decrease the probability of crashing by reducing the uncertainty in the
task, compared to when there is no night vision (red line). The result is that people
can now increase their speed (e.g., 10 mph) to maintain their desired level of uncertainty. This increase in speed could have an impact on several accident factors
such as average dollars per crash, average severity of injury or the probability life
will be lost. Therefore, considerations should be taken before introducing this kind
of technology into vehicles.
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Chapter 1
Introduction to Statistical Decision
Theory
Our perceptual system gathers information through several different sources (e.g.,
vision, audition, haptic - touch). Humans use these sources of information to recreate
the scene from which the perceptual data was derived. This is done so effortlessly that
it seems trivial; however, the ease with which we carry out this operation disguises its
underlying complexity. For example, if we look at a cup of coffee on our desk and wish
to grab it, we must turn the 2D visual input from our retina into a 3D representation
of the cup and its surroundings. This is called the inverse vision problem, as there
are an infinite number of 3D objects that can result from any given 2D image [56].
Therefore, what we are doing is estimating the type and location of the objects in
our environment. These estimates are not perfect - errors are introduced both by
the insufficiency of perceptual information and neural processing. This makes the
job of perception to infer the state of nature in the presence of uncertainty, given
the data and our prior knowledge. Since perception involves making decisions in the
presence of uncertainty, it lends itself well to statistical decision theory (SDT). There
have been numerous studies that have successfully used SDT to better understand
how the brain uses perception to arrive at estimates (e.g., [5, 31, 62, 66, 110, 127]).
This work has provided valuable insight into how our perceptual system uses sensory
information to make decisions.
Similar to the inverse vision problem, there are also an infinite number of ways to
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which we can reach and grasp an object. Despite this fact, people tend to reach and
grasp objects in an extremely effortless and predictable manner. This suggests that
the brain is using some sort of strategy (i.e., loss function) to reduce the ambiguity in
the reaching task. This paper argues that SDT can also be used to provide insight into
how people perform natural movements. As a result, a major goal of this effort is to
reverse-engineer a natural loss function that can predict the contact conditions (i.e.,
finger locations and velocities) people use when making grasping movements. However, before a loss function can be detailed, some important concepts in sensorimotor
control and SDT will be provided in the next two sections.

1.1

Concepts in Sensorimotor Control

1.1.1

Feed-Forward Versus Feedback Control

For the purpose of this thesis, a perception-action cycle is defined to be any behavior
for which sensory information is used to plan, guide and correct goal-directed actions.
Inherent in this definition is the distinction between feed-forward and feedback control
of movements (Figure 1.1).
Forward models can be thought-of as predictions that our brain makes about the
consequences of executing a particular force or movement. They are useful in many
situations such as state and context estimation, and sensory cancelation [124]. In
state estimation, the brain must know about the positions and velocities of body
segments. This can be accomplished by using sensory feedback (e.g., visual and
proprioceptive) or by making predictions about the future state of a body segment
(e.g., hand) based on the motor command sent to the muscles (i.e., efference copy).
The advantage of using forward models is that the information is readily available,
whereas sensory information is delayed and degraded by noise. The drawback of using
a purely feed-forward estimator is that the system’s predictions can be inaccurate and
often drift over time/space. Therefore, a better solution for state estimation problem
is to to begin movements with forward model predictions and then update the state
with feedback gained through sensory information during the movement. In fact, it
appears that humans are performing actions in a manner consistent with these ideas
as there have been studies in sensorimotor control using Kalman Filters to model
such behavior [46, 94].
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Figure 1.1: Figure adapted from [124]. Diagram illustrating a perception-action cycle. See text
for details.

In addition to state estimation, forward models are often useful in sensory cancelation.
For example, imagine attempting to jar ketchup loose by smacking the bottom of the
bottle. In this example, it is much easier to hold the bottle of ketchup steady when the
forces are self-generated (i.e., same person holding and hitting bottle) than if someone
else were to deliver the blows. This ability is afforded by the brain using forward model
predictions to adjust the grip force of the hand that is holding the bottle. Since selfgenerated forces can be predicted more accurately than external forces, the result is
that the ketchup bottle is more stable when it is held and contacted by the same
individual. Indeed, it has also been suggested that these same principals explain why
it is more difficult to tickle oneself compared to when someone else tickles you [14].
Another application of forward models in sensorimotor control is that of context estimation (Figure 1.1). In order for an individual to grasp an object (e.g., teapot), their
3

fingers must be brought to locations that generate and maintain appropriate forces on
the object, subject to kinematic constraints imposed by hand and object geometry.
Moreover, object manipulation requires knowledge about the physical properties of
the object (e.g., mass, center of mass, moments of inertia, surface friction) that are
estimated through sensory information. For example, Figure 1.1 shows an individual
attempting to lift a teapot. In this example, the forward model is estimating the
context under which the reach is being performed (i.e., teapot full or teapot empty).
Notice that if the teapot were full, it would be beneficial to contact the object with
more momentum and grasp the object with greater pinch force than it it were empty.
Before a reach is made, the brain simulates each of these possible forward models
(blue lines) to compute the predicted feedback under each context. Then, sensory
feedback (red lines; visual & haptic information) is compared to each of the forward
model predictions to assess which is more likely (Empty, in this example). This information can then be stored and used for future interaction with the object, making
it less likely for prediction errors (green lines) to occur over time (yellow lines). Note
that this entire process is an example of a perception-action cycle.
This subsection has overviewed the distinction between feed-forward and feedback
control of movements. The next subsection will outline some of the major challenges
faced by the brain when making natural movements.
1.1.2

Challenges in Sensorimotor Control

In addition to the fact that there are an infinite number of ways that we can reach
to and grasp an object, there are many other factors that make reaching a complex
problem. For example, the information required by the system to make a successful
grasp is not always directly observable. As mentioned above, many of the physical
properties of the object cannot be perfectly measured. Instead, the system must rely
on sensory feedback to estimate the properties of interest. In fact, most parameters
that the system requires to perform a successful grasp are not directly observable.
Therefore, sensory information plays a crucial role in estimating these parameters of
interest.
Since sensory information plays a key component in human perception-action cycles,
it is important to note that a second challenge in sensorimotor control arises from
the fact that perceptual information is imperfect (e.g., [17, 120, 69]). Similar to how
4

sensory uncertainty limits our ability to perceive the world, motor variability (e.g.,
[46]) decreases our accuracy when acting upon targets. As a result, uncertainty in our
perception and actions is something the brain must consider in order to make efficient
and accurate movements. Indeed, there have been numerous studies investigating how
the brain uses uncertainty to perform movements (e.g., [46], [63]), and this paper will
extend this work by exploring how knowledge of visual uncertainty (Chapter 2) and
coordinate transformation uncertainty (Chapter 3) are used when making grasping
movements.
Once the parameters important for reaching have been estimated, an additional challenge surfaces - how does the brain select finger locations to contact object? Finger
locations determine the ease at which someone can manipulate or stabilize the object.
This problem is difficult as some finger arrangements should be used for stabilizing
an object, where others are better for manipulating the object. What’s more, is
that some manipulations may require different finger arrangements than others (e.g.,
handing a knife to someone versus cutting with the knife). For all of these reasons,
finger location selection is an extremely challenging problem that remains largely unsolved. However, Chapter 4 of this paper will propose a theoretical framework that
can predict the finger locations people should use when making different grasping
movements.
A final challenge in sensorimotor control is that different actions may have differential
rewards/losses that correspond to them. For example, consider the case of someone
placing a cookie sheet into the oven. If the sheet is placed into the oven while it’s
still cool, there is relatively little cost associated with colliding with the oven rack.
Conversely, when taking the cookies out-of the hot oven, there is now much greater
cost associated with contacting the rack. An intelligent system would compensate for
these differences by acting more conservatively when there is greater cost associated
with making an error. To that end, Chapter 4 demonstrates how contact locations
vary according to the risk associated with the reaching task.
For all of these reasons, challenges in sensorimotor control are abundant and complex.
Since sensorimotor control deals with planning and acting in uncertain environments
under differential levels of reward/loss, this paper argues that statistical decision
theory (SDT) can be used to provide solutions to these challenges. Before efforts
done to this end are described, the next section will first overview some important
5

concepts in SDT.

1.2
1.2.1

Concepts in Statistical Decision Theory
Signal Detection Theory for Perception

A specialized area of SDT called signal detection theory has a long tradition in the
study of human perception (e.g., [8, 60, 61, 67, 73, 96]). Signal detection theory
not only has ties with SDT, but also with information theory [98], and is concerned
with the process of detecting signals in the presence of noise. This is important for
human perception because it is known that our perceptual and motor systems have
noise attached to them (e.g., [69, 46]). Signal detection theory provides a formal
framework from which to investigate how humans arrive at decisions in the presence
of perceptual noise.
There are four ideas that are essential to signal detection theory [68]. First, the notion
of sensitivity can be thought of as the ability of the system to detect a signal. If the
signal-to-noise ratio (d0 ) is high, then the system can better detect signals than when
it is low. For example, in a classroom setting it is difficult to hear the instructor (i.e.,
signal) if your classmates are talking (i.e., noise). Signal detection theory provides a
way to quantify this intuition.
A second important component of signal detection theory is that of efficiency. Signal detection theory allows the information in the task to be quantified, enabling
researchers to theoretically derive optimal performance. The use of ideal observer
models have a lengthy history in the study of human perception. For example, early
use of an ideal observer by [8] compared human photon detection to an ideal observer
model. They found that humans were suboptimal in photon detection as they needed
about ten-times the number of photons as the ideal model. Ideal models have also
been compared to humans for slant discrimination from texture [60, 61], reading [67],
object classification [73], and motion detection [96]. These models have provided
valuable insight into how efficiently humans use perceptual information to complete
various tasks.
The third component of signal detection theory is the response threshold. The threshold can be intuited as a person’s tendency to report detecting a signal. Notice that
thresholds tend to change from person to person, even with constant sensitivity.
6

Moreover, individuals can change their own threshold across time. For example, a
pathologist may be more likely to diagnose disease after looking at a specimen on one
day compared to the next. As a result, thresholds can change both across and within
people, over time.
A final component of signal detection theory is called efficacy and is concerned with
the consequences of making an incorrect decision. For example, in medical diagnostics
it’s more costly to miss a diagnosis of cancer if someone has the disease than to incorrectly test positive. The consequences of making incorrect decisions can be formalized
through loss functions, which will be described in detail later in this chapter.
Despite the success of signal detection theory in investigating human perception, there
are limitations inherent to this theory. For example, classic signal detection theory
assumes linearity [58]. That is, it assumes that the input is the sum of the signal and
noise. However, in natural tasks this is seldom the case.
A limitation in experimental approaches to signal detection theory is that the prior
probabilities and loss functions are usually manipulated by the researcher [58]. Ideally, the prior should be determined naturally through image/task statistics and loss
functions should result from the task. This paper will attempt to remedy this limitation by proposing a loss function that directly results from the task demands.
These above limitations bound the utility of signal detection theory to simple and/or
artificial tasks. In order to model more complex and natural behaviors, robust techniques from SDT must be employed. The next subsection will overview general concepts of SDT and relate them to a classification example. The following subsections
will contrast differences between maximum likelihood and Bayesian approaches to
SDT.
1.2.2

Statistical Decision Theory

In general, statistical decision theory provides a formal method for determining optimal actions that either maximize an agent’s expected gain, or minimize an agent’s
expected risk, in the presence of uncertainty. SDT has traditionally been used in areas
such as economic modeling (e.g., [30, 53]) and game theory (e.g., [83]). More recent applications of SDT include medical science (e.g.,[38, 75]), robotics (e.g., [108, 55]), pattern recognition (e.g., [83]), and human perception (e.g., [5, 31, 62, 66, 110, 127]). This
7

paper maintains that SDT is well suited for better understanding human perceptionaction cycles. Figure 1.2 shows an example of how a loss function can be derived
from a natural task (i.e., pressing an elevator button). From this example, it is clear
that optimal actions for humans should be those that minimize the expected risk (or
maximize the expected gain), since there is uncertainty involved with our perception
and actions (e.g., [69, 46]). The rest of this section will formally distinguish loss
and risk, in addition to overviewing differences in Bayesian and maximum likelihood
approaches.

0
[A] Task: Press Button

1

1

1

0
[C] Motor Variability

[B] Loss Function

0
[D] Risk Function

Figure 1.2: Diagram illustrating how SDT can be applied to a simple task, such as pressing an
elevator button [A]. [B] The mid-line slice (red dashed line) of the button is only considered in
this example. The button-pressing task is most easily represented by a heaviside loss function, such
that the agent receives no loss for contacting the button (valley of loss landscape), and a loss of
one is accrued for missing the button (ridge of loss function). To successfully complete the task,
the agent must minimize the loss (i.e., contact the button). However, it should be noted that as
far as the loss function is concerned, peripheral strategies (green dots) are equally good as a central
strategy (black dot). [C] This assumption is problematic since the human motor system has signal
dependent noise, and repeated attempts to contact the central and peripheral strategies will result
in a distribution of points. Notice that some of the points on the peripheral strategies fall outside of
the loss function’s minimum (i.e., they miss the button). Therefore, loss functions are not optimal
for agents with uncertainty in their perception and/or actions. [D] Risk functions take into account
the agent’s uncertainty. Therefore, optimal actions for agents with uncertainty should minimize the
risk associated with the task, not the loss.

Formally, uncertainty results from our lack of understanding of some unknown parameter θ that may affect the decision being considered. You can think of θ as the
state of nature, and Θ as all the possible states of nature. In that respect, θ is the
parameter and Θ is the parameter space. In SDT, decisions are commonly referred to
as actions a, such that a ∈ A. The goal of SDT is to find the action that minimizes
a loss function:
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d∗ = arg min E[L(θ, a)],
a

(1.1)

where L(θ, a) is the loss function that is defined for all (θ, a) ∈ Θ × A, and d∗ is the
optimal decision - the one that minimizes the loss function.
Loss functions are important because in certain situations the consequences of erring
in a decision are drastically different. For example, when approaching a stoplight
while driving, if you decelerate too slowly you’ll crash into the car in front of you. On
the other hand, if you decelerate too quickly you may be hit from behind. The loss
function for braking your vehicle in this example would have extreme negative values
and appear quadratic, with a minimum around the optimal deceleration location.
Conversely, the loss function for breaking for a small bump in the road is likely not
to be as costly, and may even be ignored.
[B]

[A]

Figure 1.3: Figure of a classification task. [A] Demonstrates two different classes of objects (c1
and c2 ). The optimal decision boundary xT (diagonal black line) is the decision criterion that
minimizes classification error (yellow). [B] The likelihood distributions for each class (p(x|C = c1 )
and p(x|C = c2 )). It is apparent that xT minimizes the classification error (yellow).

In order to learn more about the state of nature θ we make observations (xi ), such
that xi ∈ X. Many times our data (D) is made-up of several sets of observations,
such that D = {X1 , X2 , . . . , Xn }. Our observations allow us to develop a likelihood
distribution p(D|θ) that tells us how likely the data is given the state of nature. For
example, if our task is to decide whether an object belongs to one class c1 or another
c2 , then we are doing a classification task (Figure 1.3). Suppose we make several
observations X = {x1 , x2 , . . . , xn } and must decide which observations belong to c1
or c2 . Figure 1.3 shows that making errors in the classification task is unavoidable as
there is overlap in the distributions. Our goal is to derive a decision boundary (i.e.,
9

classifier) that minimizes the loss function for this task (L(ĉ, c) = 1 − δĉ,c ), where δĉ,c
is a Kronecker delta such that it assigns a one to a correct decision (ĉ = c) and a zero
otherwise. Remember, the goal of this task is to find the optimal decision boundary
for classifying the objects (i.e., minimize the classification error). It is important
to understand that the optimal decision boundary may change as a function of the
approach used. There are two approaches to optimality have been commonly used in
SDT: maximum likelihood approaches (ML) and Bayesian approaches. The next two
subsections will contrast ML and Bayesian approaches to SDT.
1.2.3

Bayesian Approaches

Bayesian analysis allows us to make informed decisions given our prior knowledge
π(θ) = p(θ) about the state of nature, θ. For example, in an object recognition task
we use our knowledge of what objects are more likely given the room we are currently
occupying [82]. If it is known that we are occupying a classroom, then we wouldn’t
expect to see a car in the room. On the other hand, it would be very likely that
a desk would be present. Therefore, we are using our prior knowledge to make an
informed estimate as to the identity of objects in a given location. Bayesian analysis
allows us to formally integrate our prior knowledge about the state of nature. Bayes’
Theorem takes on the following form:

p(θ|D) = Z

p(D|θ)p(θ)

,

(1.2)

p(D|θ)p(θ)dθ
where p(θ|D) is called the posterior distribution - the probability of the state of nature
given the data, p(D|θ) is the likelihood - the probability of the data given the state
of nature, and p(θ) is the prior distribution - the probability of the state of nature in
the absence of any observations.
Equation (1.2) shows how the posterior is derived in a static case. When it’s necessary to consider how information is updated in a dynamic environment, then Bayesian
learning provides a useful framework. Bayesian learning provides a way to quantitatively update and store experience across time. Given the conditional independence
Q
of the data (p(D|θ) = N
i p(Xi |θ)), then Equation (1.2) can be recursively defined
as:
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pt (θ|D) = Z

pt (D|θ)pt (θ)

,

pt (D|θ)pt (θ)dθ
pt (D|θ)pt−1 (θ|D)
=Z
pt (D|θ)pt (θ)dθ

(1.3)

Notice that the posterior pt−1 (θ|D) at time t − 1 is defined to be the prior p(θ) at
time t. This technique is important for formalizing how experience is accumulated
across time.
Bayesian techniques can easily be integrated into SDT by allowing the prior, π(θ)
to influence the loss function. This is accomplished by adjusting our loss by the
posterior. It follows that the posterior risk of an action a is

Rp (π, a) = E π [Lp (θ, a)]
Z
=
L(θ, a)p(θ|D)dθ
Θ
Z
p(D|θ)p(θ)
dθ
=
L(θ, a)
p(D)
Θ
Z
p(D|θ)p(θ)
L(θ, a) Z
=
dθ
Θ
p(D|θ)p(θ)dθ

(1.4)

Equation (1.4) is essentially the expected risk for making an action a for fixed data
D. As a result, Posterior risk takes into account our prior knowledge of the state of
nature θ. Notice that the notion of risk differs from loss in that it assumes uncertainty
in θ. This is important because in human perception and action there is uncertainty
attached to our estimates of the state of nature.
Another concept that needs to be defined is called Bayesian risk. Similar to posterior
risk, Bayesian risk takes into account the uncertainty about the state of nature θ
through the posterior distribution p(θ|X). The resulting Bayesian risk expression is:
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Rb (π, a) = E π [Rb (θ, a)]
Z
=
Rb (θ, a)dθ
Θ
Z Z
L(θ, a)p(θ|D)dDdθ
=
ZΘ ZD Z
Z
=
...
L(θ, a)p(θ|X1 , X2 , . . . , Xn )dX1 dX2 . . . dXn dθ
Θ

X1

X2

(1.5)

Xn

From Equation (1.5) it follows that Bayesian risk is the theoretical average loss across
all possible data sets. In the case where the loss function for the task can be defined
as L(θ, a) = δ(θ −a), then the posterior risk can be used for a MAP decision criterion:
Z
L(θ, a)

arg min R(π, a) = arg min
a

a

Θ

p(D|θ)p(θ)
dθ
p(D)

(1.6)

If we assume that p(D|θ) is i.i.d. and marginalize over θ to get p(D), we obtain
Q
p(θ) i p(Xi |θ)
Q
dθ
arg min R(π, a) = arg min L(θ, a) R
a
a
p(θ) i p(Xi |θ)dθ
Θ
Z

(1.7)

Notice that we can disregard the normalizing factor p(D), when finding the minimum.
In the context of the classification example provided above, the Bayesian decision
criterion would be based on the posterior estimate. Since the loss function for the
above example was L(ĉ, c) = 1 − δĉ,c , a MAP approach would state that c1 should
be selected if P (c1 |X) ≥ P (c2 |X) and c2 otherwise. However, in order to obtain the
posterior distributions, we need to estimate the likelihood and prior distributions. In
this example, the prior distributions can be assumed by what is known about the
classes and the likelihood distributions are assumed to be Gaussian:
1

p(x|c1 ) = p

−(x−µ1 )2 /2σ12
e
2

(1.8)

−(x−µ2 )2 /2σ22
e
2

(1.9)

2πσ1
1

p(x|c2 ) = p

2πσ2
12

Gaussian distributions can be summarized by two parameters - their mean and variance (µ, σ 2 ), respectively. The task in Bayesian decision theory is to perform density
estimation on the likelihood and derive the prior in order to obtain the posterior. As
a result, Bayesian approaches use a distribution on the classes (P (C)) and not just a
single value:

p(X|ci )P (ci )
p(X)
p(x1 , x2 , . . . , xn |ci )P (ci )
=
p(x1 , x2 , . . . , xn )

p(ci |X) =

(1.10)

In MAP, the classification task can be rephrased such that c1 should be selected if
the observation x is greater than the decision threshold (xT ), which can be found if
the following is solved for x [127]:

log

p(x|C = c1 )P (c1 )
=0
p(x|C = c2 )P (c2 )

(1.11)

Since the likelihoods are Gaussian, xT becomes:

 
P (c2 )
1
σ2
log
(µ1 + µ2 ) +
2
(µ1 − µ2 )
P (c1 )

(1.12)

From the above example, it’s easy to see how Bayesian decision theory uses decision
thresholds that take into consideration prior knowledge about the state of nature.
This results in a distribution on the parameter space allowing posterior and Bayesian
risk to capture the variability of the parameters. In general, Bayesian Decision Theory
has a few qualities that are important to keep in mind.
1.2.3.1 Important Features of Bayesian Decision Theory
• First, it should be mentioned that the variance of the posterior (p(θ|D)) typically indicates the reliability of the estimate. However, in most cue combination
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Figure 1.4: Figure adapted from [27]. Effect of prior choice over n observations. [A] It is assumed
that the prior is uniform (similar to ML). You can see that it starts to center around the true estimate
(.6) between 5-20 observations. By 500 observations, it is strongly spiked at the true value. [B]
Here a prior of .2 is assumed. By 20 trials, it’s difficult to distinguish from the uniform assumption
([A]). After 500 trials there is no difference between the two, suggesting for a large n the choice of
prior is insignificant.

research the likelihood is used to assess reliability (e.g., [31, 32, 60, 66]), which
is sufficient in large n cases.
• The second quality of a Bayesian approach is that as the number of observation
sets X approaches ∞, observations have more of an impact on the posterior
than the prior distribution, π(θ). This means that selecting a prior (in the large
n case) is an arbitrary decision as the posterior will still converge to the true
distribution (Figure 1.4).
• A third feature of Bayesian Decision Theory is that as the number of observation
sets X approaches ∞, the variance of the posterior (p(θ|D)) decreases. Rapid
convergence can actually be a problem when modeling learning in dynamic environments. This is because after only a few trials the posterior has converged
so tightly, that current observations no longer affect the posterior. Therefore,
early experience has a greater impact than current observations which is not optimal for adaptive systems. This problem can be ameliorated by ”discounting”
information after each time step. Essentially, the discounting can be thought-of
as a form of ”forgetting” between trials.

Although Bayesian methods are useful, one drawback of this approach is that any
nonlinear transformation of the parameter space Θ will lead to a change in the den14

sity possibly causing the MAP solution to no longer be valid. A more practical
concern is that Bayesian methods tend to be more difficult to evaluate than ML
methods. Bayesian methods require the likelihood and prior distributions to be estimated, whereas ML approaches only require the likelihood be estimated. Many
times estimating the prior is not an issue (e.g., large n case), but it can sometimes
be problematic when a prior must be derived through a small n data set.
The general form and concepts in Bayesian approaches to SDT have been overviewed.
Most of the existing work using SDT for perceptual investigation have adhered to a
ML approach (e.g., [31, 32, 60, 66]). Therefore, it’s important to understand the important features of ML decision theory. The next section will overview these features
and contrast them with the Bayesian approach described in this section.
1.2.4

Maximum Likelihood Approaches

Maximum Likelihood (ML) approaches differ from Bayesian approaches in that they
do not incorporate a prior when computing the risk. Rather, they treat the prior
as a uniform distribution over θ, the possible states of nature. This approach is
appropriate when there is no good reason to infer a prior (e.g., a novel task) or when
the data is sufficient to overwhelm any prior. The ML approach attempts to assess
the expected loss of each decision rule (db ), if it were used repeatedly with varying
X, for each θ. As a result, the risk function of any decision rule db is defined as:

R(θ̂, θ) = EM L [L(a, θ)]
Z
=
L(a, θ)p(x|θ)dX
X
Z Z
Z
=
,...,
L(a, θ)p(x|θ)dx1 dx2 . . . dxn ,
x1

x2

(1.13)

xn

where a = θ̂ is an estimate given by the decision function (db ). Comparing the
notation between Equation (1.5) and Equation (1.13), the differences between Bayes
risk and ML risk become clear: Bayes risk incorporates prior knowledge and attempts
find the action that minimizes the loss across parameters. Whereas, ML risk attempts
to define a decision that minimizes loss across different values of X for a fixed state
of nature, θ [11].
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Using the ML approach, decisions dM L are chosen that maximize the likelihood p(X|θ)
of the data. If the data are i.i.d. then the result is:

dM L = arg max p(X|θ)
a

= arg max p(x1 , x2 , . . . , xn |θ)

(1.14)

a

= arg max
a

n
Y

p(xi |θ),

i=1

where a = θ̂. In practice, it is usually easier to minimize − log p(X|θ) than to maximize p(X|θ). The minimization results in:

d∗M L

= arg min − log
a

p(xi |θ)

i=1

= arg min
a

n
Y

n
X

− log p(xi |θ)

i=1

For a Gaussian distribution, minimization leads to µ̂ =
n
X
1
n

(1.15)

1
n

n
X

xi and σ̂ =

i=1

(xi − µ̂). In the above classification example, a ML model would select the

i=1

class that maximized the likelihood of the data. More specifically, it would state that
we should choose c1 if p(X|c1 ) ≥ p(X|c2 ), and we should choose c2 otherwise. Stating

this another way, it would mean that we should select c2 if x ≤ 12 (µ1 + µ2 ) and
select c1 otherwise.
The ML approach suffers from the major limitation that it does not take into consideration any prior knowledge. Prior information is important for reducing the state
space and in cases when the likelihood may have resulted from spurious data. Moreover, ML doesn’t account for the fact that some types of estimation errors are worse
than others [127]. For example, suppose you are being tested for lung cancer. It is
common knowledge that people who smoke are more likely to develop lung cancer.
Therefore, an optimal strategy for interpreting a positive test would be one that takes
16

Figure 1.5: Figure adapted from [27]. Classification task when the priors are equal (ML approach).
The red and blue posterior distributions resulted from uniform priors. The decision line running
diagonally represents the optimal decision line to discriminate the two classes. Notice that the line
runs through the middle of the two distributions.

Figure 1.6: Figure adapted from [27]. Classification task when the priors were different (Bayesian
approach). The red distribution resulted from a different prior (.2), than the blue distribution (.8).
The decision line running diagonally represents the optimal decision line to discriminate the two
classes. Notice that the line now runs closer to the red distribution - the one with the less probable
prior.

into account the prior information when making a decision about what the test results
mean. In the classification example, the change in decision criterion resulting from
different approaches can be graphically seen in Figures 1.5 and 1.6. As a result of
these fundamental limitations, the work in this paper will adopt a Bayesian approach
to SDT.
This first section overviewed important aspects of SDT. Although these are abstract
statistical concepts, there is evidence that our brain may be computing information
in a manner consistent with these ideas. The next section will overview evidence
that the human brain computes information similar to the theoretical ideas of SDT,
such as expected loss/reward and uncertainty. The subsequent section will outline
studies that suggest people are behaving according to their perceptual and motor
uncertainties.
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1.3

Statistical Decision Theory and the Brain

Although statistical models work well for modeling human performance, they do not
provide insight into information processing unless they are based on mechanisms in
the brain. The language of statistics formalizes how probabilities are derived and integrated. In order for the brain to compute probabilities, in a parametric sense, there
must be some way to encode these distributions using neurons. Work in population
coding has suggested that, not only does the brain compute probabilities, but it also
computes things such as expected reward and uncertainty [33, 97]. Population coding
has been used to describe sensorimotor transformations through basis functions [91],
code image velocities [96, 100] and code for reach planning [36]. There is also evidence
that population codes may be representing probability distributions [4, 93, 128, 129]
and even doing Bayesian inference by coding the posterior distribution [93, 129, 35].
Moreover, population coding is a promising technique for investigating how the brain
represents statistical concepts such as expected reward. Rather than merely being
a theoretical abstraction, there is mounting evidence suggesting that the brain may
be directly estimating expected reward (i.e., negative loss). The next subsection will
overview work involving population coding in dopamine neurons that suggests these
neurons are responsible for coding expected reward and uncertainty in appetitive
behaviors.
1.3.1

Dopamine Activity for Appetitive Behaviors

Dopamine neurons in the ventral tegmental area (VTA) and substantia nigra have
long been associated with rewarding behavior. For example, cocaine exerts its pleasurable sensations by prolonging the effects of dopamine on the neurons [123]. It has
also been demonstrated that rats will suppress a lever to receive electrical stimulation
to these areas. They will even choose to press the lever over other rewarding stimuli
like sex or food [81]. Therefore, it seems that dopamine neurons are a good candidate
for encoding reward in goal directed movements. The current section will overview
work that supports this notion.
Work by [97] demonstrated that dopamine neurons code for errors in the predicted
reward of appetitive behaviors. In this seminal piece of work, [97] showed that monkeys’ dopamine neurons fired when a visual (or auditory) stimulus (US/CS) was
paired with a reinforcing stimulus (e.g., piece of apple, or juice). The response in
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dopamine neurons can be seen in Figure 1.7. Notice when the monkey is beginning
training with the visual or auditory stimulus (US), the dopamine neurons fire at the
time of the reward (Figure 1-6, top). The authors maintain that the activity results
from a positive prediction (TD) error, which will be described below.
However, as the animal trains with the reinforcing pair the dopamine neurons begin
to fire at the time of the visual or auditory stimulus (CS). The authors believe this
to result from the CS perfectly predicting the reward, leading the two pieces of information to become redundant. This redundancy allows the dopamine neurons to only
respond to the piece of information that occurs first (i.e., the CS).

[A]

[B]

[C]

Figure 1.7: Figure adapted from [97]. Dopamine neuron response in monkeys for appetitive
behaviors. [A] Before learning, the US the does not predict the reward which leads to a positive TD
error. This error causes dopamine neurons to fire at the time of the stimulus. [B] After learning,
the CS predicts the reward (no TD error), so the dopamine neurons fire at the time of the CS (see
text). [C] CS is given but is not followed by a reward. This leads to a negative TD error and a
sub-baseline firing rate in the dopamine neurons at the time of the reward (see text).
Finally, if the reward is removed from the CS it leads to a reduction in the firing of
dopamine neurons at the time of the reward. Reduction in the firing of dopamine
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neurons is now believed to result from antagonistic activity in the serotonin system
[25].
These results are impressive not only for their empirical merit, but also becayse
they can be predicted by theoretical ideas in Reinforcement Learning (RL). RL has
been a powerful tool commonly used by the AI community for robotics applications
and machine learning. More recent applications in computational neuroscience have
been demonstrated in work such as [97]. They argue that the observed results in
dopaminergic response can be fully predicted by the TD error - the difference between
the predicted reward and the actual reward. In RL, the expected value for the task
takes on the following form:

Vt = E[γ 0 rt + γ 1 rt+1 + . . . + γ n rt+n ],

(1.16)

where rt is the expected reward at time t and E[·] is the sum of future rewards until
the end of the trial n. Notice that 0 ≤ γ ≤ 1 is a discount factor that makes important
rewards arrive sooner than less important rewards.
Relating these ideas to the earlier discussion on SDT, a relationship between the
reward in Equation 1.16 and loss can be expressed as:

rta = Eθ,xt [−L(a, θ)]

(1.17)

You can see from this relationship that reward is simply the negative loss involved
with the task. As a result, it is plausible that dopamine cells could encode both the
expected reward and loss for the task, depending on the formalization.
The authors maintain that since the following holds:

Vt = E[rt + γrt+1 ],

(1.18)

an error that is based on the information at successive time steps can be developed,
that is called the TD error :
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δt = rt + γ V̂t+1 − V̂t

(1.19)

The authors suggest that dopamine neurons seem to encode information about the
reward for appetitive behaviors through TD error. The key point is that if the brain
is shown to compute TD error, then it is also likely to be able to compute risk.
[A]

[B]

[C]

Figure 1.8: Figure adapted from [33]. Demonstrates the phasic activation of dopamine neurons
(top) and the sustained activation of dopamine neurons in monkeys (middle, bottom) for appetitive
behaviors. [A] Results demonstrate that dopamine neurons are encoding the expected reward in
the task in addition to the probability of the reward (see text). [B] Sustained activation appears
to encode the uncertainty in the task (see text). [C] Sustained activation as a function of the
probability of the reward. Results imply that sustained activation encodes uncertainty as sustained
activation is greatest when entropy is maximal (p = .5).

Another study by [33] demonstrated that dopamine neurons not only encode the
expected reward for the task, but also the uncertainty involved with the task. To
exemplify this idea they employed a similar paradigm as [97], except they added
uncertainty to the reward structure (Figure 1.8). It can be seen from Figure 1.8A
that the response of the dopamine neurons shifts from responding maximally at the
time of the reward (p=0.0), to responding maximally at the time of the CS (p=1.0).
For intermediate probabilities the dopamine neurons seemed to take distributed values
across the two. Therefore, it appears that phasic activation of the dopamine neurons
not only encode the expected reward but also the probability of the reward structure.
Another interesting finding was that the sustained activation (Figure 1.8B,C) encoded
the uncertainty in the reward structure. Uncertainty can be measured nonparamet21

rically through entropy:

H(x) = −

X

p(x) log2 p(x),

(1.20)

x∈X

where H(x) is the entropy associated with an event x. Notice that entropy is maximal
when the p(x) is uniform. Consequently, in this task entropy is greatest when p(x) =
.5 because in their task reward was a binary outcome (i.e., either the monkey received
a reward or they did not).
Figures 1.8B and 1.8C show that sustained activation is greatest when p = .5, which
is when entropy is theoretically maximal. The above work implies that dopamine
neurons encode uncertainty in the task through sustained activation.
This section overviewed how dopamine neurons encode both expected reward and
uncertainty. If the brain encodes this information in appetitive responses, it’s not
unreasonable that humans would use this same information for different tasks. Now
it will be demonstrated that humans behave as if they are taking into account uncertainty in psychophysical tasks.

1.4

Uncertainty Estimation in Human Behavior

Most work concerned with behavioral measures of uncertainty estimation have employed cue combination paradigms. Cue combination is a psychophysical task that
requires subjects to make perceptual judgements or motor responses using the sources
of information available (e.g., visual, haptic, auditory). The reliability of the information is often manipulated to assess how people integrate perceptual information in the
presence of uncertainty. Cue combination has a long tradition in perceptual research
and has been used to explore how people integrate visual cues (e.g.,[62, 63, 65]), visual and haptic cues (e.g.,[5, 31, 32]), visual and auditory cues (e.g.,[37, 10]) and even
visual and proprioceptive cues (e.g.,[113, 114]). The next sections will review two cue
combination studies demonstrating that people optimally integrate information both
within a perceptual modality (i.e,. visual information) [63], and between perceptual
modalities (i.e., visual and haptic information) [31].
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Figure 1.9: Figure adapted from [63]. Graphic demonstration of the task [A] and the Bayesian
model [B-D]. [A] Subjects were required to make a pointing movement from the starting location
(purple dot) to the target location (green dot). Once the movement was initiated, view of the cursor
was occluded until half way into the reach and the cursor was displaced by a gaussian N (1, .5). This
displacement Gaussian can be thought-of as the prior. Once view of the cursor returned, it did so
with different levels of visual uncertainty: σ0 represented veridical visual information; σM and σL
represented medium and large ”blurring” of the visual information, respectively; and σ∞ indicated
that visual information was not given. [B] Prior distribution on lateral shifts; [C] Distributions for
the different types of visual feedback. [D] Expected shifts (as a function of visual uncertainty) if
optimal Bayesian integration occurs.

1.4.1

Unimodal Cue Combination: Visual Uncertainty

Visual information is a dominant perceptual cue that specifies the properties and
locations of objects in our environment. However, the quality of the visual information
varies as a function of several factors. For example, peripheral viewing of an object
linearly increases uncertainty about the object’s location in space ([17, 18, 69, 120]).
Therefore, changing the eye’s position with respect to the target will change the
observer’s ability to estimate where the target is located in space. As a result, it is
important that researchers understand how people use knowledge of their uncertainty
when performing daily activities, such as reaching.
Research by [63] attempted to explore if people optimally estimate and act according
to the visual uncertainty in a pointing task. Subjects were simply required to make a
pointing movement from one location to the next (Figure 1.9). In this task, the subject’s hand was never visible. Rather, they received feedback in the form of a cursor
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Figure 1.10: Figure adapted from [63]. Represents the deviation of the target (cm) as a function
of true lateral shift, across visual information. Notice as the visual uncertainty increases (from [A]
- [D]), that the deviation from the target shifts towards what the prior would predict (diagonal
dotted line). However, when visual information is good [A], then the deviation from the target is
small, as Bayesian integration would predict.
that notified the subject as to the location of their finger. Once the subject began a
reach, view of the cursor was occluded until half-way into the reach and the cursor
was displaced by an amount randomly selected from a Gaussian (N (1, .5)). Once
the cursor returned, uncertainty in the visual feedback of the cursor was manipulated
(See Figure 1.9). It was predicted when visual information is reliable, the subjects
should use their visual information more heavily and shift their estimates toward the
visual estimate (See Figure 1.10). If subjects are using Bayesian integration, and they
receive unreliable visual information, they should not shift their estimate as much as
when visual information is precise.
The results demonstrate (Figure 1.10) that subjects reached as if they were estimating
the visual uncertainty in the task and optimally combining it with the target prior.
These results are consistent with the Bayesian integration of perceptual information.
The current section outlined how people estimate visual uncertainty and integrate
it in an optimal manner when making a reach. The next section will explore how
both haptic (i.e., touch) information and visual information can be used in making
psychophysical estimates.
1.4.2

Multimodal Cue Combination: Visual and Haptic Uncertainty

In addition to visual information, whenever a person is able to interact with an
object through touch, they also receive haptic information that specifies the object’s
location and type. This brings-up the question of how people integrate these two
forms of perceptual information when performing a task. Work done by [31] suggests
24

that the brain optimally integrates perceptual information from different modalities.
[A]

[B]

Figure 1.11: Figure adapted from [31]. ML integration of visual and haptic estimates. In this
figure, the visual and haptic estimates of the block’s height differs by ∆. Notice when the uncertainty
in the visual and haptic estimates are equal [A], the combined density weighs each equally and takes
a middling position. However, when the haptic estimate is less reliable than the visual information
[B], the combined distribution gives greater weight to the visual estimate and is shifted toward the
visual estimate.

ML integration in cue combination studies maintains that an estimate is weighted
towards the cue with the most reliable likelihood (Figure 1.11). Therefore, if people
are combing information optimally, their response should be biased towards the more
reliable cue.
To test this hypothesis, subjects were required to make visual and haptic estimates
about the height of a block. The estimates could be made using visual (stereo)
information or through haptic information provided by ”touching” the virtual block
using a PHANToM arm (Figure 1.12). Head-fixed subjects viewed the stereogram
through shutter glasses that allowed for binocular disparity. The surfaces of the
stimuli were perpendicular to the line of sight. Haptic information was provided
through interaction with the virtual object using a PHANToM arm that provided
force feedback. Position of the subject’s finger and thumb were given through two
small 3D virtual markers.
In order to assess if ML combination was occurring, random displacements (errors)
were introduced to the visual information but no manipulation to the haptic uncertainty was made. It was predicted that subjects should adjust their estimate of
the object’s height in a manner consistent with ML integration (Figure 1.11). More
specifically, it was predicted that estimates would be weighted towards the haptic es25

timate when visual uncertainty was added, but weighted towards the visual estimate
in the absence of additional visual uncertainty. The results of this study supported
these predictions and it was concluded that the brain is optimally integrating visual
and haptic information in a ML manner.

Figure 1.12: Figure adapted from [31]. Display of the apparatus used in the study. See text for
details.

Although there’s an obvious discrepancy between the results of [63] and [31] as to the
form of integration that takes place in the brain (ML versus Bayesian). It could be
that the only reason work similar to [31] found results consistent with a ML model
is that the subjects were performing a novel task, therefore no prior information (in
the Bayesian learning sense) could be incorporated. Although [63] used a novel task
for the study, subjects were forced to ”learn” the prior thereby allowing it to be
integrated later. When people perform everyday actions such as reach and grasp,
they can integrate their prior knowledge since they are well practiced at the task.
Bayesian integration will be used throughout this paper as subjects in the experiments
described later will be required to perform well-practiced reach and grasp movements.
The overall goal of this work is to provide evidence that people are grasping objects
in a manner that minimizes the expected risk for the task. However, this necessitates
that the brain is aware of: 1) the perceptual and motor uncertainty associated with
the system; and 2) the loss function resulting from the task demands. Therefore,
the paper is organized such that Chapters 2 & 3 will provide evidence that people
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are adjusting for the uncertainty both within (Chapter 2) and across (Chapter 3)
perceptual modalities when making a grasp, respectively. Then, Chapter 4 will detail
and test a loss function for a grasping task that is based on the physics of object
manipulation. Finally, Chapter 5 will offer suggestions for other perception-action
cycles that could benefit by using SDT. Together, these efforts will provide evidence
for the utility of using SDT to better understand natural movements.
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Chapter 2
Effects of Visual Uncertainty in
Grasping Movements
2.1

Introduction

Several studies in motor control have demonstrated that the sensorimotor system
incorporates estimates of motor uncertainty to improve the success of point-to-point
reaching movements. For example, previous research has shown that people use
knowledge about their motor uncertainty to minimize end-point variance [46], avoid
obstacles [92, 45], and maximize the expected payoff of a reach [110, 111]. Other
studies suggest that the sensorimotor system also uses estimates of visual uncertainty
and optimally combines them with motor uncertainty, both across reach trials [63, 19]
and during feedback control of a reach [125, 94]. However, these studies do not address
how visual uncertainty is used in grasping movements, where the goal of the task is
to manipulate an object. The purpose of this chapter is to investigate the effects of
visual uncertainty on grasping behavior.
The consequences of perceptual uncertainty for producing a successful grasp are complex and currently unknown. In contrast to point-to-point tasks where the objective
of the movement can be expressed in terms of the final state of a point on the finger
(e.g., Section 1.3.1), the goal of grasping movements is to generate and maintain appropriate forces on the object, subject to kinematic constraints imposed by hand and
object geometry [23, 102]. While the goals of grasping are generally complex, sufficient conditions can be characterized for simple movements like grasping a vertically
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oriented cylinder. In particular, maximum pinch force can be achieved by placing
finger contact normals parallel and at the same height on the cylinder (thus producing maximal frictional contacts). Research has shown that minimum jerk paths
to such a parallel arrangement requires the fingers to open wider before contact to
achieve an approach that is parallel to the surface normals [102]. However, parallel
approach and contact are clearly more difficult to obtain if the object’s and hand’s
locations are not known precisely. Peripheral viewing of an object linearly increases
uncertainty about the object’s location in space [18, 69, 120]. In addition, peripheral
viewing reduces our understanding of the hand’s position relative to the target [94].
Because uncertainty increases the difficulty of successfully completing a reach and
grasp, this chapter tests if people adjust for their visual uncertainty when making
such movements.
It is expected that people will display more conservative grasping behavior with increased visual uncertainty. Since it is known that maximum grip aperture (MGA maximum distance between the thumb and finger) increases without visual information [122], the current effort explores if subjects adjust their MGA according to the
amount of visual uncertainty in the task due to peripheral viewing. The intuition is
that if people are more uncertain about the object’s location, they simply open their
hand wider to assure their fingers don’t collide with or miss the object (Figure 2.1).
More generally, it is anticipated that uncertainty should change finger trajectories.
For visual sensing, there is usually more uncertainty in the depth-plane than in the
picture-plane [113]. When performing precision grasps, the fingers typically contact
an object at different depths leading to differential uncertainty at the contact location
of each finger. Moreover, one of the fingers may contact the object at an occluded
point where there is more visual uncertainty about surface location. For both these
reasons, the effects of uncertainty may impact one of the fingers more than the other,
and compensation for uncertainty may require independent adjustments between the
fingers. To address these possibilities, principal changes in finger trajectories and
coordination due to visual uncertainty will be analyzed.
Finally, increased uncertainty about object location may result in more variability
in object-finger contact. To test this prediction, variability in finger positions near
object contact will be measured as a function of visual uncertainty. Together, these
results provide a more comprehensive description of the effects of visual uncertainty
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Figure 2.1: Figure demonstrates how MGA is predicted to vary with uncertainty. It is assumed
that MGA is proportional to the target size plus the overall uncertainty. For simplicity, the diagram
only depicts target location uncertainty. [A] In conditions when uncertainty is low there are fewer
locations at which the target could be located. As a result, MGA can be kept smaller compared to
when uncertainty is high. [B] In high uncertainty conditions, there are a number of possible target
locations. Notice when target location uncertainty is high, a larger MGA should be employed to
decrease the chance of colliding with (location 3) or missing (location 1) the target. See text for
details.

on precision grasping behavior.

2.2
2.2.1

Materials and Methods
Subjects

Five right-handed subjects (4 males, 1 female) from the University of Minnesota
participated in the study for monetary compensation. The subjects ranged from 19 23 years of age, and all had normal or corrected to normal vision.
2.2.2

Apparatus

Trajectory data were acquired by attaching three infrared emitting devices to the fingernails of both the forefinger and the thumb that were tracked via an Optotrak 3020
sampling at 100Hz (Figure 2.2C). Forward view distance from the fixation location
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(“E”) was 62 cm. Fixation letters (A-I) corresponded to degrees away from the cylinder (80-0, respectively). Subjects began each reach from a starting location located
35 cm away from a 2.2 cm diameter cylinder (3D distance from the center of the
starting box finger indentations to the center of the cylinder), 11.5 cm in length. The
starting location was located 95 cm off the ground plane and approximately 10 cm
below the cylinder plane. In terms of the apparatus, the x-dimension is the dimension
that primarily captures the transport component and extends between the observer
and the fixation marks. The y-dimension primarily corresponds to the grip-width
and is in the depth plane on Figure 2.2C. Finally, the z-dimension is the dimension
parallel to the cylinder axis and extends from the floor to the ceiling with respect
to the set-up. To complete a trial, subjects had to lift the cylinder approximately 5
mm off the target resting cradle to trip a switch on the bottom of the target resting
cradle. The cylinder’s position was maintained using a 2 cm tall clear plastic tube
that was just large enough to allow smooth cylinder movement.
[A]

Foveal Fixation: Letter "I"

Thumb

[C ]

Fixation: A B C D E F G H I
Degrees: 80 70 60 50 40 30 20 10 0
(Target
Centered)

Index

Sensors

Sensors
62 cm

E

52 c

m

Visual Information Good

m

95 cm

Eccentric Fixation: Letter "A"
Fixation: A B C D E F G H I
Degrees: 80 70 60 50 40 30 20 10 0
(Target
Centered)

10 cm

c
35

[B ]

z

Visual Information Poor

y
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Figure 2.2: Experimental set-up used in psychophysical reaching task. See Methods Section for
details. Subjects were allowed to view both their hand and the target throughout the duration of
the reach. Visual information was manipulated by requiring subjects to fixate different points while
making their grasp. This changed the visual uncertainty without affecting the kinematic demands
of the task. When subjects fixated the target ( [A]), the visual information was more reliable than
when they fixated an eccentric point ([B]). [C] Side view of the reach apparatus displaying the key
set-up parameters.
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2.2.3

Procedure

Head-fixed subjects made repeated reaches to the same spatially fixed target located
40 degrees to the right of forward view (in head centered coordinates, 0 degrees in
cylinder coordinates - see Figure 2.2). The cylinder was held fixed to assure that any
changes in reaching behavior resulted from changes in viewing conditions, and the
location was selected such that there was the maximal range of eye positions away
from the target (0-80 degrees) to allow for the greatest range of visual uncertainty.
Subjects were allowed to view the target and their hand throughout the reach. Varying the subjects’ eye position without changing the target location allows for the
manipulation of visual uncertainty without changing the kinematic demands of the
task.
At the beginning of each trial, the fixation point was announced (e.g., “A”). After
subjects fixated, they were allowed to make their reach to the target. Once subjects
moved either finger more than 2mm from the starting location, the trial was initiated.
The starting location was specified by indentations in the starting box that were
approximately 1cm in diameter and located 0.75cm below the top of the box. Subjects
could choose comfortable finger positions within the indentations at the beginning of
each trial. Subjects had 1200 msec to successfully lift the cylinder. The trial ended
when the subject lifted the cylinder high enough to trip a lever located on the bottom
of the cradle. Once subjects successfully lifted and replaced the target, each finger
had to be returned within 0.66 mm of its starting position before the next fixation
point was announced. If subjects took too long, or didn’t lift the cylinder correctly, an
error message was played and the trial was repeated. Fixation points were randomly
assigned throughout the trial and each fixation was announced seven times per block.
Subjects ran in six blocks per day over three days, for a total of 1134 (7 repetitions
x 9 Fixations x 6 Blocks x 3 Days) trials.
2.2.4

Analysis

Cubic interpolating splines were used to fill-in missing data segments that resulted
from occlusion, if less than 40msec. If the trajectory had total occlusion time >
40msec, it was discarded from the data-set. Only about five percent of the trajectories
were discarded from the data due to occlusions that tended to occur at the beginning
(i.e., launch off starting block) and return path of the reach. Moreover, one block of
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data was excluded due to a computer error. For the remaining 89 blocks, trajectories
were sorted by eccentricity and averaged across trials, blocks, and subjects. Simple
averaging was justified because the starting location, timing, and end-point location
were nearly constant, and provided a good measure of the change in trajectories
induced by visual uncertainty. However, to assure that differences in trajectories
were due to the visual uncertainty in the task, the mean trajectory for each block
was subtracted off the individual trajectories (for the same block) to eliminate any
systematic biases that were not due to visual information (e.g. slight variations in
starting location between blocks). To achieve the plot in Figure 2.3A, trajectories
for each eccentricity were averaged across blocks and subjects, with the global mean
(across subjects, blocks and eccentricities) added back.
2.2.4.1 Visual Uncertainty Predictions
A simple model for the effect of uncertainty on MGA was developed by assuming that
reach trajectories are based on the best (current) estimates of the object’s location and
diameter, and that grasps attempt to avoid object-finger collision. Avoiding objectfinger collision during transport requires grip aperture to exceed the both the size of
the object and the range of possible locations of the object. Previous results show
that MGA is linear in target size with a slope around .8, and offsets that vary over
several centimeters between experiments (for review see [102]). If it is assumed the
effect of target location uncertainty (σy ) on grip aperture is to increase the effective
size of the target, then MGA should be linear in σy . Thus, for a fixed target diameter
(D), MGA is expected to be linear in target location uncertainty:

M GA = ασy + C

(2.1)

where α is the slope of the linear relationship and C is a constant that captures the
effects of target diameter (D). Values of α represent different collision avoidance
criteria in terms of standard deviations. A linear relationship between σy and MGA
is tested.
Location uncertainty in the task (σy ) is manipulated by peripheral viewing of the
target and hand (Figure 2.2). The azimuthal angle between the target’s retinal pro33

jection and the eye’s central axis provide an imperfect signal v for target location in
eye-centered coordinates. The error in visual sensing is modeled as zero-mean, with
a signal dependent variance that models the effects of decreased spatial resolution on
visual sensing of peripherally viewed targets. Results from two-point discrimination
studies [17, 120, 69] demonstrate that visual uncertainty linearly increases with the
eccentricity of the visual information (in mm):

σy =

p

(.15 ∗ v)2

(2.2)

This value was derived from the threshold (v/30)◦ reported in [69], and converted
to mm. Note that similar models for visual uncertainty are used in both [84, 94].
Therefore, if people are estimating their visual uncertainty, it is expected that changes
in their MGA should be proportional to changes in σy .
2.2.4.2 Maximum Grip Aperture
To assess if people are incorporating knowledge of their visual uncertainty into their
grasping movements, the distance between people’s thumb and forefinger (i.e., grip
aperture) was measured throughout the reach. Maximum grip aperture (MGA) is the
maximum distance between the thumb and forefinger during a reach, and it typically
occurs 75-80% of the distance to the target object [101]. Its importance is that it
serves as a measure of target uncertainty [122] and scales linearly with actual object size (e.g., [88, 87]). Grip apertures and maximum grip apertures were averaged
across subjects and blocks to produce Figure 2.4. Change in MGA is defined to be
the mean MGA for each eccentricity subtracting off the global mean MGA (across
all eccentricities), for that block. Change in MGA was used to adjust for differential
absolute levels of MGA across blocks (e.g., fatigue) and days (e.g., sensor placement).
This helped assure that any changes in MGA were due to visual information and also
allowed us to directly compare and average across subjects. If people are estimating their visual uncertainty and using it during a grasp, MGA should increase with
increases in visual uncertainty (Figure 1).
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2.2.4.3 PCA
To reveal the principal changes in reaching behavior due to visual uncertainty, principal components analysis (PCA) was performed on finger and thumb approach trajectories. The goal this analysis is to quantitatively describe global trajectory changes
due to uncertainty. PCA views sampled trajectories as vectors in a high dimensional
space, and finds directions in this space that account for the most scatter. To view
trajectories as vectors, the trajectories were resampled every 10 msec between 250-500
msec, which results in x, y, and z measurements on 31 time points. Stacking the time
samples from x ,y and z produces a single 93-dimensional vector. For each uncertainty
condition i, wthe mean trajectory vector m
~ i was computed separately for the finger
and thumb. Principal directions for the mean trajectory vectors across all uncertainty
conditions were sought. Performing PCA on this set of vectors finds directions that
maximize between-condition variation, or equivalently, directions along which mean
trajectories differ the most with respect to uncertainty. The top principal component
returned by the analysis vector ~v can be used to approximate the trajectory for each
uncertainty condition m
~ i:
m
~ i ≈ ai~v + m
~
where m
~ is the global mean trajectory, and ai is a coefficient that produces the
best approximation. Stated in words, scaling along the principal direction ~v can be
used to approximately morph the mean trajectory from one uncertainty condition
to another. Thus, PCA can be used to determine how well the effects of visual
uncertainty on approach trajectories can be captured by a scaling along common
axes. It also provides a principled way to determine how many axes (dimensions) are
required to represent differences between trajectories.
PCA was computed on the mean trajectory data for each block (89 total). The
first PC accounted for 78% of the finger variance, and 50% of the thumb variance,
while both the first and second PC accounted for 94% of the overall variance of the
finger and 90% of the thumb variance. This procedure was validated using crossvalidation with random subsets of the data. The training matrix used to generate
PCA components was compared against the remaining ten percent of the trajectory
data to assess quality of reconstruction, and to provide resampling-based estimates
of the coefficients. Only the first principal component for the finger and thumb were
used to produce the plots for Figure 2.7A,B. Coefficients represent projections of the
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excluded data onto the average PC, sorted and averaged over eccentricity.
2.2.4.4 Displacement Vectors
The differences between trajectories in the 80 and 0 degree uncertainty conditions
were also computed. These differences can be visualized as a set of displacement
vectors that demonstrate the positional changes in trajectories that result from visual
uncertainty at each time point (Figure 2.7C). Displacement vectors are displayed to
provide an intuitive comparison of the mean and PCA reconstructed trajectories. In
addition, displacement vectors allow coordination between finger and thumb to be
visualized.
In Figure 2.7C displacement vectors are represented by arrows. The direction of
the arrow represents the direction along which trajectories changed with increased
uncertainty, whereas the length of the arrow reflects the magnitude of the change
along the axis. Displacement vectors were computed by subtracting the foveal fixation
trajectory (i.e., 0 degrees) from the most eccentric fixation (i.e., 80 degrees), for every
10 msec between 200-650 msec. This range and sampling were chosen to cover the
most informative section of the reach.
2.2.4.5 Position Variability Near Contact
Another measure of interest is the variability in position near contact (final portion
of movement time (85% - 92% of reach)), across levels of uncertainty. It is plausible
that increased sensory uncertainty may lead to increased variability in the end-point
location. Therefore, it’s expected that increased visual uncertainty will lead to increased variability of the hand near contact. The range between 50 to 100 msec
before the estimated ”lift period” was chosen to be contact time. The lift period was
defined by the “flat-spot” in the x-velocity (region of zero velocity), accompanied by
a positive z-velocity. The intuition is that the hand is no longer moving forward (x
direction) and also moving in the direction of the required lift direction (z direction).
Therefore, contact must precede this lift phase by some brief period of time. The
period preceding lift is attractive because almost all systematic differences in mean
trajectories across eccentricity have disappeared by this time, which means that differences in variance in this time range reflect a less accurate approach to a common
goal state. Mean change in contact variance is defined to be the global average con36

tact variance (across all eccentricities) subtracted from the average contact location
for each eccentricity. Change in contact variance was used to adjust for any sources
of finger variability across blocks, days, and subjects that were not due to changes in
visual information. Contact variance was averaged across fingers, blocks and subjects
to produce Figure 2.8A. However, dimensions were not averaged across in order to
assess if visual uncertainty differentially impacted contact location variance across
dimensions. Linear fits to the values were accomplished using a robust fitting method
called Least Trimmed Squares (e.g., [47]), as implemented in the robust statistics
software package LIBRA [117]. Least trimmed procedures were used in cases when
the inclusion of a point in the fit would lead to an inaccurate description of the data
(e.g., cases when a point has high leverage (e.g., Figure 2.8 (x-variance, 80◦ point))).

2.3

Results
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Figure 2.3: Trajectory data across different levels of visual uncertainty. Data are color coded into
the viewing eccentricities closest to the target (Black Lines), those mid-distance from the target (Blue
Lines) and those furthest from the target (Red Lines). Each eccentricity within a particular category
is coded by a unique line type (See Data Key). [A] Mean empirical trajectories for the finger (top
traces) and thumb (bottom traces) obtained from experiment. It is clear that the finger trajectories
became more ”hooked” as the visual uncertainty increased, whereas the thumb trajectories varied
less across eccentricity.
The results demonstrate that the finger trajectories people took to the object varied
as a function of visual uncertainty (Figure 2.3A). It was observed that the approach
trajectory of the finger scaled with visual uncertainty, whereas the thumb approach
trajectory scaled less across viewing eccentricity. Therefore, visual uncertainty seems
37

to predominantly impact the approach trajectory taken by the finger. Several more
detailed aspects of this variation were examined, including changes in MGA, gripwidth over time, the velocity of the fingers during transport, and the timing of the
fingers.
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Figure 2.4: Diagram depicting maximum grip aperture from the experiment. [A] Average change
in MGA across viewing eccentricity. Red line depicts the mean change in MGA, while the error bars
represent ±1 SEM. There was a significant linear increase (blue line) in MGA as visual uncertainty
increased (See Results Section). This result is also consistent with the model for MGA presented in
the paper.
It is clear from the trajectory data that the fingers are changing their spread (i.e., grip
aperture) across levels of uncertainty. As predicted by the visual uncertainty model
for MGA, the average change in MGA increased linearly with viewing eccentricity
(ecc) (Figure 2.4). Least Squares Regression (M GA = .11(ecc) − 4.63, r2 = .97) on
the means proved this trend to be significant, F (1, 7) = 207.71, p < .001. Therefore,
MGA appears to scale with the level of visual uncertainty in this reaching task.
In addition to MGA, this project investigated how subjects adjusted their grip aperture over time. Figure 2.5A shows the average grip aperture trends for the experiment. Grip aperture tended to scale with levels of visual uncertainty. However,
grip aperture profiles appeared to occur over the same time-course across eccentricity (Figure 2.5A), suggesting that visual uncertainty impacts the magnitude of grip
apertures, but not the time at which MGA occurs. In fact, the average time at which
MGA occurred (M = 36.45, SD = .29) was almost identical across all of the reaches
(Figure 2.5B). Least Squares fits to the mean data did not show a significant lin38
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Figure 2.5: Diagram depicting grip aperture results from the experiment. See data key in Figure
2.3 for an explanation of the color codes. [A] Average grip aperture over time for each viewing
eccentricity. Visual uncertainty appears to scale the amplitude of the grip aperture profile with high
uncertainty conditions (Red Lines) having a larger amplitude than medium uncertainty conditions
(Blue Lines), which have a larger amplitude than low uncertainty conditions (Black Lines). Black
Diamonds show the time at which maximum grip aperture occurred. [B] Average times at which
MGA occurred across viewing eccentricity. Red line depicts the mean, error bars represent ±1 SEM.
As suggested from the grip aperture data ([A]), the time at which MGA occurs does not change as
a function of visual uncertainty. This is verified by the blue linear regression line (See Results for
Details) which is flat across eccentricity.

ear trend of MGA times across eccentricity (Tmga = −.006(ecc) + 36.71, r2 = .35),
F (1, 7) = 3.77, p > .05.
The fact that MGA varied with visual uncertainty, and that grip apertures tended
occur over the same general time-course, suggests that there could be differences
in the velocities the fingers took to the object. Previous research has also demonstrated changes in transport velocity with increased uncertainty (e.g., [101, 20, 12]).
Therefore, it was investigated if velocity systematically changed with visual uncertainty for this grasping task. The velocity profiles for the transport component of the
trajectories (X-velocity) show similar systematic changes to MGA across the levels
of visual uncertainty (Figure 2.6A). However, it appears that there is only a small
change in velocity that occurs around the time of MGA (350 msec) where high levels
of uncertainty lead to slightly lower peak velocities (Figure 2.6B). Therefore, in this
experiment, it appears that visual uncertainty has a small impact on the transport
velocity people take to the object.
To quantitatively investigate how visual uncertainty influences approach trajectories,
PCA analysis was employed. Figure 2.7A shows the PCA reconstructed trajectories
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Figure 2.6: Diagram depicting velocity results from the experiment. See data key in Figure 2.3 for
an explanation of the color codes. [A] Average finger velocities in the x-dimension (i.e., transport
dimension) across viewing eccentricity. It is apparent that the velocity profiles are similar across
viewing eccentricity. However, around the time of MGA (350 msec), there are small differences. [B]
Shows the velocity profiles of the finger along the x-dimension around the time of MGA. There is
an ordering of velocities at this time where high visual uncertainty conditions (Red Lines) have a
lower velocity than medium uncertainty conditions (Blue Lines), which have a lower velocity than
conditions with low visual uncertainty (Black Lines).

using only the first principal component. The PCA reconstructed trajectories are very
similar to the empirical trajectories (Figure 2.3A), suggesting that increased visual
uncertainty results in the fingers scaling along a principal axis of change.
To illustrate the magnitude of scaling along the primary axis (i.e., the first principal
component), the coefficient values across eccentricity were plotted. Figure 2.7B shows
the coefficient values for the first principal component of the finger and thumb. Least
Squares fits to the mean coefficients results in a significant linear trend for the finger
(Cf = .55(ecc) − 21.99, F (1, 7) = 203.64, p < .001) and thumb (Ct = .30(ecc) −
12.11, F (1, 7) = 28.52, p < .01). It is important to note the linearity of the PCA
coefficients. This implies that the observed changes in MGA across levels of visual
uncertainty (Figure 2.4) are the result of a scaling both the finger and thumb along
a primary axis of change.
The pattern of displacement vectors in Figure 2.7C graphically illustrate changes in
finger coordination due to visual uncertainty. Uncertainty has an asymmetric impact
on both the path and relative timing of index finger and thumb trajectories. To
understand the relative timing effects, note that the time intervals between vectors
were constant. Thus, horizontal shifts between vectors for the index finger and thumb
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Figure 2.7: PCA reconstructed trajectory data across different levels of visual uncertainty. See
data key in Figure 2.3 for an explanation of the color codes. [A] Principal Components Analysis
(PCA) reconstructed trajectories using the first principal component (PC). There is a high degree
of similarity between the empirical (See Figure 2.3) and PCA reconstructed trajectories, using
only the first component. [B] First PC coefficients used to reconstruct the trajectories in [A].
Error bars represent ±1 bootstrapped SEM. Least Squares linear fits to the finger (red line) and
thumb (blue line) coefficients are also provided (See Results for Details). Larger coefficient values
correspond to greater trajectory scaling along the primary dimension. The steeper slope for the
finger coefficients show that the finger trajectories scaled more than the thumb trajectories as the
amount of visual uncertainty increased. We used a cross-validation procedure to verify the top PCA
component had predictive value. PCA was performed on random subsets in the data (diamonds),
and the excluded data (stars) were projected onto the top component. Projection coefficients for
both the included and excluded data had similar values, demonstrating that the analysis has good
predictive value. [C] Displacement vectors (See Methods Section) for both the empirical (magenta)
and PCA reconstructed (green) trajectories. The magnitude of the vectors for the empirical and
PCA trajectories are similar, whereas the direction of the vectors are slightly rotated. Therefore, it
appears that the first PC appropriately adjusts for the magnitude of change, whereas higher order
PCs control the direction of change.

at matching times can be interpreted as one finger moving more rapidly to the target,
and which finger first contacted the object. From the shifts between displacement
vectors in Figure 2.7C, it can be seen that the finger preceded the thumb throughout
the reach, and that the finger contacted the object before the thumb. In terms of
trajectory paths, the index finger changes are much larger than the thumb in the ydimension, accounting for the majority of the MGA changes (Figure 2.4). The effects
of uncertainty on the thumb trajectories are more subtle, involving an early increase
in the y-dimension towards the finger, followed by a change in the transport direction
that reflects a reduction in thumb velocity relative to the finger. It is proposed
that these changes may result from a more conservative approach plan when there
is increased visual uncertainty. Specifically, the changes can be interpreted as a
strategy that tries to maintain a parallel finger-thumb relationship during the period
when both fingers contact the object and grip forces would be first applied.
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Displacement vectors also allow the PCA reconstructed trajectories to be compared
with the empirical trajectories. If the empirical and PCA reconstructed trajectories
have displacement vectors of similar length and orientation, it suggests that people
are adjusting their finger approach trajectory for visual uncertainty along a primary
axis of change. As stated in the Analysis Section, the direction of the arrow represents
the direction along which trajectories change with increased uncertainty, whereas the
length of the arrow reflects the magnitude of the change along the axis. It is apparent
that the magnitude of the arrows is similar for the empirical and PCA reconstructed
trajectories. Whereas, the orientation of the arrow is slightly different between the
empirical and PCA trajectories, suggesting that the first PC is sufficient for describing
the magnitude of changes in trajectories due to uncertainty, but does not capture more
subtle differences.
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Figure 2.8: Contact variance as a function of visual uncertainty. [A] Dashed lines represent the
mean change in contact variance across viewing eccentricity, and error bars represent ±1 SEM. Solid
lines represent the Least Squares fit to the data. A linear increase in contact variance across viewing
eccentricity was observed for the Y- (green line) and Z-dimensions (blue line), but not for the Xdimension (red line; See Results Section). [B] Scatter plot of MGA against contact variance with
Least Squares regression lines shown for only those correlations that are significant. There were
significant correlations between the contact variance in the Y- (green dot) and Z-dimensions (blue
dot) and MGA, but not between contact variance along the X-dimension (red dot) and MGA (See
Results Section).

It is reasonable to assume when there is more uncertainty about an object’s location,
there should be more variability in the object-finger contact locations. To test this
idea, it was explored how the variability of finger positions near object-finger contact
changed with uncertainty. As expected, increases in uncertainty lead to increased
variance near the time of contact (Figure 2.8A). Least Trimmed Squares fits to the
data displayed no linear increase in variance along the x-dimension (Vx = .06(ecc) −
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6.51, r2 = .05), but strong linear increases in the y- (Vy = .31(ecc) − 14.02, r2 =
.91) and z-dimensions (Vz = .64(ecc) − 25.64, r2 = .98). Please note that Least
Trimmed Squares regression is a robust fitting tool that does not allow outliers (e.g.,
x-dimension, 80◦ ) to influence the fit (See Analysis Section). From this analysis, it is
evident that increased visual uncertainty leads to increased contact location variance
for dimensions in the picture plane, but not in the depth plane.
Finally, to verify that MGA and variance near contact are both encoding visual
uncertainty, the relationship between the two measures was explored (Figure 2.8B).
Pearson product moment correlation showed a significant linear relationship between
y-variance and MGA (rmga,y = .86, p < .01), and z-variance and MGA (rmga,z =
.95, p < .01), but no significant relationship between x-variance and MGA (rmga,x =
.62, p > .05). From this result, it appears that changes in MGA predict changes in
contact location variance for dimensions in the picture plane, but not in depth.

2.4

Discussion

In accordance with the predictions, it was observed that people change their grasping behavior as a function of the visual uncertainty in the task. More specifically,
it was demonstrated that approach trajectories of the finger and thumb scaled as
the amount of visual uncertainty increased (Figure 2.3A). It was shown that most
trajectory adjustment for visual uncertainty occurred in the index finger, while the
thumb showed much smaller changes. One simple explanation for this result is the
fact that the index finger is relatively easier to move than the thumb. It is typically
longer, lighter, and has more degrees of freedom than the thumb and, as a result,
may be easier to adjust along the grip-width (i.e., y-) dimension. Another possibility
is that participant’s index fingers typically moved to contact an area on the object
that was occluded from view, while the thumb was potentially visible throughout the
reach. Thus, there may be more uncertainty about the finger’s contact location than
the thumb’s, causing more compensation in the finger’s trajectory. Further research
would be required to distinguish between these and other possibilities.
More detailed analysis of the trajectory data showed that the PCA reconstructed
trajectories using only the first principal component (Figure 2.7A) were very similar
to the empirical trajectories, suggesting that the effect of visual uncertainty on trajectories is predominantly a scaling along a principal axis. In fact, the coefficients
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(Figure 2.7B) show that this scaling is linear and that the first principal component
can accurately account for the magnitude of this effect (Figure 2.7C). This suggests
a control strategy that involves using the same force signals to drive the reaches, but
adjusting the overall amount of force to compensate for uncertainty.
It was also demonstrated that MGA increased linearly with viewing eccentricity (Figure 2.4). This result is consistent with how the reliability of visual information changes
with eccentricity [17, 18, 69, 120]. This also agrees with previous research that has
reported increased MGA under conditions of no visual information [122] and when
subjects are viewing an object in their visual periphery [101]. However, [101] fit subjects with a contact lens that occluded foveal vision and allowed subjects to freely
move their eye when making a reach. They reported that subjects typically viewed the
object between 25-30 degrees, but did not control subjects’ eye position. Therefore,
eye position (i.e., the amount of visual uncertainty) was not systematically varied in
their study making it difficult to assess the impact of visual uncertainty on reaching behavior. By systematically varying visual uncertainty, this project was able to
demonstrate the functional (linear) effect of visual uncertainty on MGA. In addition,
these empirical results were predicted by providing a simple model for MGA. The
model assumes that MGA scales with object diameter and the overall uncertainty in
the task. In this experiment, the object’s diameter was held constant and visual uncertainty was changed through peripheral viewing. Therefore, the observed changes
in MGA corresponded to the changes in visual uncertainty, as predicted by the model.
In addition to changes in MGA, it was demonstrated that grip aperture profiles
scaled with increased levels of visual uncertainty (Figure 2.5A), and the time of MGA
was relatively consistent across levels of visual uncertainty (Figure 2.5B). This fact
is somewhat surprising as previous research by [101] reported that MGA occurred
sooner when people were forced to use their peripheral vision to make a reach. The
discrepancy in the times at which MGA occurred could be due to the fact that subjects
in this study were required to complete their reach in less than 1200 msec, whereas
[101] allowed subjects to choose their own reach time. This fact may have allowed
subjects in their [101] study more opportunity to adjust their grip aperture over the
course of a reach, leading to the observed timing differences. Another possibility is
that the differences between the studies may result from the properties of the object.
In the current study, the object was resting in a “cradle” allowing subjects to collide
with the cylinder with little adverse consequence. Conversely, [101] placed the dowel
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on the workspace without a cradle, increasing the cost of colliding with the object.
Therefore, it could be that subjects in their study altered their grasping behavior to
account for the high cost of colliding with the object.
Similar to [122], velocity profiles for the transport component in this study varied
only slightly as a function of the visual uncertainty (Figure 2.6). This is in contradiction with other studies (e.g., [101, 20, 12]) that have found large changes in peak
velocity as a function of peripheral viewing, no visual information, or glowing objects,
respectively. Explanations for the inconsistencies follow similar reasoning as the ones
provided for the observed differences in grip aperture timing. One possible reason for
this discrepancy is that this project required movements to occur within 1200 msec,
whereas, in the studies cited above reach time was unconstrained resulting in a 30% 33% increase in movement time. In addition, [22] demonstrated that MGA is delayed
with increased movement time, suggesting that MGA is better described in terms of
distance to the target. In the current study, both the time to complete the reach
and the distance to the target were fixed, which may explain why little variation in
transport velocity was observed. Another possible reason is that the object in this
study was resting in a cradle. This fact may encourage a uniform velocity profile as
it is less costly to contact the object with non-zero velocity.
It was also demonstrated that position variance near contact increased with greater
levels of visual uncertainty (Figure 2.8A). However, not all directions were equally affected as variance in the image-plane (y- & z-dimensions) increased linearly, whereas
depth-plane variance (x-dimension) did not systematically change with visual uncertainty. This result could be due to the fact that the precision of visual information
is better for the horizontal and vertical dimensions, but less precise for the depth
plane information [113]. This finding reconfirms that finger variability near contact is
changing with visual uncertainty. Since MGA is significantly correlated with contact
location variance (Figure 2.8B) along the picture plane dimensions, it also suggests
that MGA is encoding visual uncertainty.
This chapter has demonstrated that people adjust their reach and grasp behavior as
a function of the visual uncertainty in the task. It appears that visual information
scales with many reach parameters in a linear manner, which is interesting because
it is known that MGA and finger trajectories also scale linearly with object size
(e.g., [51, 52, 102]). The effect of visual uncertainty and object size on grasping is
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qualitatively similar, although it appears that the magnitude of the trajectory and
MGA changes due to visual uncertainty are considerably less. In fact, an estimate
based the slopes reported in Figure 2.4 and in [102] (Figure 6A) suggests that the
changes in MGA due to visual uncertainty and object size are such that a 1.5 mm
change in the object size will result in a similar change in MGA as a 10 degree change
in viewing eccentricity. Therefore, although the trajectory and MGA scaling are
qualitatively similar, the magnitude of the changes appear to be quite different.
A limitation of this study is that it does not distinguish uncertainty of the hand from
uncertainty of the target. Since the target and hand are both visible throughout the
reach in this experiment, any observed changes in MGA cannot be uniquely attributed
to feedback or feed-forward control. Although the model for MGA only considers
target location uncertainty [17, 18, 69, 120], it could be that people are also using
information about their hand position uncertainty to adjust their MGA. Future work
could address how grasping behavior changes when only visual uncertainty about the
target (or hand) is manipulated. Indeed, previous work has demonstrated that both
uncertainty about the hand [63, 94] and target [101, 20, 12] impact reaching behavior.
Whether these sources have a differential impact is unknown, and further work is
necessary to tease-apart the relative contributions of these sources of uncertainty on
the observed changes in grasping behavior reported in this study.
The next chapter will address some of the above concerns by exclusively manipulating
target location uncertainty. Moreover, it will explore how another type of uncertainty
(i.e., coordinate transformation uncertainty) influences both reach behavior and the
reliability of target location estimates obtained by integrating visual and haptic information.
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Chapter 3
Multimodal Cue Combination with
Coordinate Transformation
Uncertainty
3.1

Introduction

When humans reach out and grasp an object, information about the object’s location
arrives at different times through multiple sensory modalities, each in its own frame
of reference. Maintaining an accurate representation of the object’s location requires
both integrating these sources of information, and updating the stored (remembered)
location after changes in body configuration (e.g. eye, head, or hand movements).
Recent physiological data supports the idea that visual, auditory and touch information are remapped and combined in multiple coordinate frames. In particular, the
parietal reach region uses eye-centered coordinates [9, 16], while pre-motor cortex
uses body-centered coordinates [41, 42].
There is also evidence in sensorimotor control that the brain stores object locations for reaching in eye centered coordinates [48, 9, 90]. Eye-centered storage requires remapping locations after every eye-movement [39, 28, 118, 48], while using
this representation for reaching involves remapping to body-centered coordinates
[24]. Although remapping eye-centered locations after saccades is quite accurate
[44, 105, 76, 50, 89, 95, 86, 130, 15, 49], other types of eye movements may introduce
substantial error [7]. Moreover, the precision of eye-centered coordinates for reaching
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depends on accurate knowledge of the relative positions of body-segments between
the eye and the hand. However, the brain’s encoding of body articulation is imprecise,
and the quality of the encoding is position dependent (e.g., [116, 84]). Uncertainty
about the relationship between body segments due to imperfect sensory knowledge is
termed coordinate transformation uncertainty (CTU - See Figure 3.1). When there
is CTU in a system, estimates are degraded by each transformation made between
coordinate frames.
Recent work [103] suggests that people select coordinate representations that minimize the impact of errors due to remapping. Using a virtual display, the authors
introduced a systematic discrepancy between visual and proprioceptive coordinates
of target locations. They showed that visual information is weighed more than proprioceptive information for reach plans to visual targets, but is weighed less for proprioceptive targets where it would introduce larger errors. They interpret these findings
as evidence that the coordinate frame used to compute target location is flexible and
selected to minimize the impact of coordinate transformation errors.
This work [103] demonstrated that people use knowledge about CTU when integrating current sensory information. The goal of this chapter is to investigate if the brain
represents and compensates for CTU when making grasping movements to remembered (i.e., stored) target locations. To experimentally test for CTU compensation,
head-fixed participants repeatedly reached to an occluded cylindrical target while
fixating targets that spanned an 80 degree range of eye positions. To manipulate
CTU between the eyes and head, the fact that error in eye position encoding varies
both with saccade magnitude [116, 84] and the eye’s eccentricity away from forward
view [54] was exploited. In addition, it is known that grasping movements to visual
targets compensate for object location uncertainty by increasing maximum grip aperture (MGA - See Chapter 2). Therefore, if the brain stores targets in eye-centered
coordinates and compensates for the effects of CTU, it predicts that MGA should
also vary as a function of eye position, even when the target is occluded.
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Figure 3.1: Figure illustrates the effect of eye-position CTU on the representation of object location
in eye and head coordinates. An object’s location in eye-centered coordinates (red grid) and headcentered coordinates (blue grid) can be different – it depends on the eye’s position in the head.
[A] In the case when the measured eye position (e) perfectly corresponds to the actual eye position
(r), these representations can be uniquely converted. [B] Without this perfect correspondence,
there are errors (∆) between the measured (e) and actual (r) eye positions. The result of errors
is that the same position in eye-centered coordinates (e.g.,(6,4)) corresponds to a range of possible
locations (i.e., target location uncertainty) in head-centered coordinates, illustrated by two example
dashed-line objects.

3.2
3.2.1

Materials and Methods
Subjects

Four subjects (2 males, 2 females) participated in the visual condition of this experiment, whereas five subjects (3 males, 2 females) participated in the target occluded
condition of the experiment. The subjects were all right-handed students from the
University of Minnesota and were given monetary compensation for their participation in the study. The subjects ranged from 19 - 32 years of age, and all had normal
or corrected to normal vision.
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3.2.2

Apparatus

Trajectory data were acquired by attaching three infrared emitting devices (IREDs)
to the fingernails of both the forefinger and the thumb that were tracked via an
Optotrak 3020 sampling at 100Hz (Figure 3.2E). Cylinder viewing distance was 52
cm, and forward viewing distance to the middle fixation point (“E”) was 62 cm.
Fixation letters (A-I) corresponded to degrees away from the cylinder (80-0, in 10
degree increments). Subjects began each reach from a starting block located 35 cm
from a 2.2 cm diameter cylinder, 11.5 cm in length. The starting block was located
95 cm off the ground plane and approximately 10 cm below the cylinder plane. Once
subjects initiated movement (> 2 mm) from the starting block, the trial was initiated.
Subjects had 1200 msec to successfully lift the cylinder. The timer was stopped when
a switch was tripped on the bottom of the target resting block, requiring subjects to
lift the cylinder approximately 5 mm. The cylinder’s position was maintained using
a 2 cm tall clear plastic tube that was just large enough to allow smooth cylinder
movement.
Occluders were used in the visual and target occluded conditions to remove any information about the hand and target. Moreover, liquid crystal shutter glasses [78] were
used to remove visual information at different moments during the reach, depending
on the condition (See Procedure Section for details).
3.2.3

Procedure

Head-fixed subjects made repeated reaches to the same spatially fixed target located
40 degrees to the right of the subject (0 degrees in cylinder coordinates - see Figure
3.2). The cylinder was not moved across the workspace to assure that any changes in
reaching behavior resulted from changes in eye position/viewing eccentricity and not
kinematic demands. Moreover, the cylinder’s location was selected such that there
was the maximal range of eye positions away from the target (0-80 degrees) to allow
for the greatest range of uncertainty.
At the beginning of each trial, the fixation point was announced (e.g., ”E”). After subjects fixated, they were allowed to make their reach to the target. They
were instructed to reach as quickly (less than 1200 msec) and accurately as possible.
Once they successfully lifted and replaced the target, their hand had to be returned
within .66 mm of their original starting position before the next fixation point was
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announced. If subjects took too long, or didn’t lift the cylinder correctly, they heard
an error message and the trial was repeated. Fixation points were randomly assigned
throughout the trial. In the full range condition, each of eight possible fixations A-H,
corresponding to {80,70,60,50,40,30,20,10} degrees target eccentricity were repeated
seven times per block. The fixation point corresponding to 0 degree target eccentricity (”I”) was excluded to keep similar fixations for both the visual and target
occluded participants (since the occluder blocks both the target and the 0 degree
fixation letter). Full range subjects ran in six blocks per day over three days, for a
total of 1176 (7 repetitions x 8 Fixations x 7 Blocks x 3 Days) trials. Conversely,
partial range subjects were cued to fixate one of three possible letters {H,E,B} corresponding to {10◦ , 40◦ , 70◦ } away from the target. Each fixation was repeated 21
times per block for seven blocks, resulting in a total of 441 trials (21 repetitions x 3
fixations x 7 blocks x 1 day) . Note that the partial and full range conditions both
have the same number of repetitions (147) per fixation point. However, the full range
condition allowed us to capture the full functional form of the MGA profile, whereas
the partial range condition allowed us to gain statistical power over a shorter period
of time. Therefore, in the target occluded condition, 2 subjects were run in the full
range condition and 3 subjects were run in the partial range condition. In the visual
condition, all subjects were run in the partial range condition.
Subjects in the target occluded condition were never allowed to see their hand or
the target as they were blocked by an occluder (Figure 3.2C,D). Moreover, all of
the remaining visual information was removed after reach onset by shutter glasses.
Subjects were instructed to maintain their eye position after the shutter lenses were
closed. As a result, the only information subjects had available to them during a
reach was stored haptic information from previous reaches to the target. If target
location is stored in eye-centered coordinates, an estimate of their eye position is also
necessary to remap the stored target location to body-centered coordinates. This
manipulation allowed us to vary the amount of CTU in the task (i.e., the eye position
uncertainty - see CTU discussion in Modeling Section) while keeping the reliability
of the haptic information constant. Therefore, if subjects are estimating their CTU,
maximum grip aperture is expected to vary with eye position.
Subjects in the visual condition were allowed to see the target throughout the duration
of their reach. However, at no point were they allowed to see their hand. An occluder
was used that allowed subjects to view the target but not see their hand until within
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Figure 3.2: Experimental set-up used in psychophysical reaching task. See Methods Section for
details. Visual Condition: (A-B) Subjects were allowed to see the target, but not allowed to
see their hand. Visual information was manipulated by requiring subjects to fixate different points
while making their reach. [A] When the subject’s hand is behind the occluder (Area O), the target
and fixation mark were visible. [B] However, once the subject’s hand reached a point 1 cm from
being visible (Area C), the liquid crystal lenses are closed to ensure the subject never viewed their
hand before, during, or after the reach. This manipulation guarantees that any changes in MGA
are due to changes in the visual uncertainty about target location. Target Occluded Condition
(C-D) Subjects were not allowed to see their hand or the target at any point. [C] However, they
were still required to fixate a point before (and while) making their reach. [D] After movement
onset, vision was occluded using liquid crystal goggles for the duration of their reach, but subjects
were still required to maintain their eye position. This manipulation allowed us to vary the CTU
while keeping the haptic information specifying object location constant. [E] This panel displays
the workspace used in the experiment, in addition to the sensor arrangement.

1cm of the target. In addition, liquid crystal shutter glasses were triggered to block
vision of both the hand and target during the last cm, where the fingers would be
visible from the occluder (Figure 3.2A,B). Subjects were instructed to maintain gaze
fixation once the shutters were closed. This manipulation assured that changes in
viewing eccentricity only influenced target uncertainty, opposed to uncertainty about
both the hand and target. The visual condition allowed us to verify that MGA is
encoding target uncertainty for the task.
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3.2.4

Analysis

Cubic interpolating splines were fit to trajectories to allow for an analytic description
of the trajectory and to compensate for occlusions. If the trajectory had total occlusion time > 40msec, it was discarded from the data-set. Only about five percent of
the trajectories were discarded from the data due to occlusions that tended to occur
at the beginning (i.e., launch off starting block) and return path of the reach. Grip
aperture was computed as the distance between the center-points of the sensors on
the fingernails. Maximum grip apertures (MGA) were averaged across subjects and
blocks to produce Figure 3.5. MGA is the maximum distance between the thumb and
forefinger during a reach, and it typically occurs 75-80% of the distance to the target
object [101]. Its importance is that it serves as a measure of target uncertainty (e.g.,
[122]) and scales linearly with actual object size (e.g., [88]).
Change in MGA was computed by subtracting off the global mean of each block
(of each subject, across eccentricities) from the mean MGA for each eccentricity.
This was done to reduce the effects of inter-subject differences, remove drift in grip
width across blocks due to fatigue, and to remove the effects of differences in IRED
placement across sessions. Data were pooled across subjects and mean MGA was
computed for each eccentricity.
3.2.5

Modeling

A probabilistic model of target location inference was developed with two distinct
goals in mind. First, to provide concrete predictions for the effect of target location
uncertainty on maximum grip aperture, relying on previous results to provide values
for the parameters in the model. Second, to extend these predictions to include the
possible effects of coordinate transformation uncertainty on MGA. Separate predictions for eye-centered and head-centered storage of target information are presented.
Other possible storage schemes like body-centered, or storage in multiple coordinate
frames [6] make the same predictions as head-centered storage. The equations and assumptions used for data modeling are presented here, while derivations are presented
in Appendix A.
In the model, reach plans depend on an inference of target location using information
remapped to body-centered coordinates. Target information consists of recent visual
and haptic information combined with information stored in memory. Memory is
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represented by a probability distribution on target coordinates, and operations on this
distribution are used to represent the effects of sensory information, and coordinate
transformation uncertainty. Two sets of expressions for target inference are presented
- one for eye-centered and one for head-centered coordinates - to compare the effects
of combining and storing information in different coordinate frames in the presence
of CTU.
The principal variables in the model are target location in eye and head-centered
coordinates, and visual, haptic and eye position signals. For simplicity, target location
is represented in spherical coordinates with origin at the center of the head or at the
midpoint between the two eyes, for head or eye-centered coordinates respectively.
Modeling is restricted to the azimuthal angular component of target position (angle
in the plane containing both eyes and the origin), because it is sufficient to account
for changes in grasping and pointing behavior and to discuss optimality. Azimuthal
target coordinates are represented by x in eye- and y in head-centered coordinates.
For mathematical simplicity, the transform between x and y is approximated by
y = x + r, where r is the azimuthal angle of eye position with respect to forward
view. The approximation results from ignoring the offset between the origins in
eye and head centered coordinates and only affects the model of pointing data, as
discussed below.
Visual, haptic and eye position signals provide information specifying target location and appropriate coordinate transformations. The azimuthal angle of the retinal
projection from eye position provides a noisy visual signal v for target location in
eye-centered coordinates. The noise in v is modeled as zero-mean (for convenience
and because the predictions do not depend on this quantity), with a signal dependent variance that models the effects of decreased spatial resolution on visual sensing
of peripherally viewed targets. Using results from two-point discrimination studies
[17, 18, 120, 69], visual uncertainty σv linearly increases with the eccentricity of the
visual information (in mm):

σv =

p

(.15 ∗ v)2

(3.1)

This value was derived from the threshold (v/30)◦ reported in [69], and converted to
mm. Note that similar models for visual uncertainty are used in both [84, 94].
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Touching the object provides a haptic signal h to target location in body-centered
coordinates available at the end of each reach . Haptic information from previous
trials was included in the model because recent studies have shown haptic and visual information are optimally combined [114, 31] and that haptic experience affects
visual judgments [5]. The haptic signal h provides information about y because the
relationship between shoulder and head was held constant. As a result, any effect
of the CTU between head and body-centered coordinates is similar for all data and
can safely be ignored. The noise in h is modeled as zero-mean and constant variance
σh2 . Based on haptic noise estimates derived from data in [31], the haptic uncertainty
was set to be σh = 15mm. This is slightly larger than the 10 − 12mm standard
deviations found in [114], however, the precise value of this variable did not affect the
predictions.
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Figure 3.3: Figure depicting the source of coordinate transformation uncertainty (CTU) in the
reaching task (See Modeling Section for details). [A] Information about eye position conveyed by
sensorimotor signals (i.e., efference copy; proprioception; and retinal position of the fixation mark)
is modeled by a likelihood function p(e|r): the probability of sensorimotor signals e given the actual
rotation of the eye r (blue line). This likelihood is combined with a prior on eye position p(r)
(red line) centered on forward view (0◦ ) to form the posterior distribution on eye position p(r|e)
(solid black line). This distribution provides the information required for transformations between
eye- and head-centered coordinate frames. Examples of likelihoods and posteriors are shown for eye
positions −40◦ (1) and 20◦ (2) away from forward view. The difference in widths of the example
likelihoods illustrates how errors in sensorimotor signals vary with eye position. Panels [B-C] show
consequences of the decreased reliability of sensorimotor signals away from forward view. [B] Eye
position estimates derived from the mean of p(r|e) are biased away from forward view. Biases result
because the decreased reliability of sensorimotor signals e away from forward view produces increased
dependence on the prior. [C] Shows how uncertainty in eye position estimates increase away from
forward view, as measured by the standard deviation of the posterior distribution. This uncertainty
propagates to information remapped between eye and head-centered coordinates, an effect called
CTU. Numbered locations in Panels B and C illustrate where the examples from Panel A fall on the
bias and standard deviation graphs.

55

Noisy eye position signals e summarize available information about the eye’s position
in the head, including efference copy of motor commands [72], proprioception [107],
and the retinal location of the fixation point [84]. Uncertainty on e is modeled as
p
zero-mean with a signal-dependent noise σe = (.05 ∗ |e| + 0.05)2◦ [116, 84]. While
the noise is assumed unbiased, it is shown that Bayesian inference of eye position r
from signals e produces estimates biased towards forward view (Figure 3.3). The bias
results from the combination of eye position signals with a prior on eye position p(r)
that encodes the assumption that the angle between eye position and head direction
is maintained around zero [106]. For the simulations, the prior was modeled as Gaussian with zero mean and constantquncertainty (σr = 10.0◦ ), which biases eye position
2
10
r
estimates by a gain factor we = σ2σ+σ
2 = 10.05+.05|e| . The resulting posterior distrir
e
bution is used to estimate eye position, and takes on the form N (r; µpe , σpe ), where
µpe = we e and σpe = we σe .
The decision to put signal dependent noise on eye-position rather than eye-movements
deserves comment. Although remapping data between eye- and head-centered coordinates requires specifying absolute eye position, not just eye displacement, it is not
completely clear how to characterize this error. Because subjects saccade to the fixation points from forward view for the experimental data presented here, uncertainty
due to saccade magnitude cannot be distinguished from uncertainty due to eye position. However, it is maintained that both introduce uncertainty for the following
reasons. For eye displacement tasks, eye position uncertainty is well predicted by
saccade scatter [116, 84], which varies with saccade magnitude. Moreover, the force
required to maintain eye eccentricity is roughly linear in eccentricity, due to signal
dependent noise in force generation that is also linear [54]. Therefore, signal dependent noise should also result from eye position per se, independent of the saccade that
brought the eye to that location.
3.2.5.1 Modeling Grasping Data:
It is assumed that reach trajectories in this experiment are planned to grasp the object
based on the best current estimates of object location and diameter while avoiding
object-finger collision. By assuming MGA scales with location uncertainty to avoid
object-finger collision, MGA is modeled as proportional to the object’s diameter D
[88] plus the uncertainty in target’s location in head-centered coordinates:
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|M GA − D| ∝ σy

(3.2)

Because the hand is occluded throughout the reach, the observed changes in MGA
cannot be attributed to feedback control. Changes in MGA are attributed to the
value of σy during movement planning. Note the assumption of proportionality – the
model does not specify that people use a particular collision avoidance criteria. If
the brain represents location uncertainty and uses it for reach planning, MGA should
vary proportional to σy . Below it is tested whether MGA follows the functional trends
predicted by y under different storage and sensory conditions.
Reach planning with collision avoidance requires estimates both of object location
and uncertainty. These estimates are assumed to result from a Bayesian computation
that combines the information available at the time of movement planning, which is
specified by the following sequence of events. At the end of t − 1th trial, new haptic data from grasping the object is appropriately remapped (depending on whether
storage is in eye or head-centered coordinates) and combined with memory. At the
beginning of tth trial, a fixation saccade changes eye position, and new visual information (when available) is combined with memory. The updated memory distribution
is transformed to body centered coordinates and a reach plan generated. After reach
execution new haptic information is acquired, completing the cycle. Figure 3.4 shows
the differences in storage strategies when combining haptic information (from a previous trial) with newly acquired visual information. Note that this diagram omits
remapping targets to hand-centered coordinates, which introduces additional coordinate transformation uncertainty. Uncertainty due to head-to-hand remapping is assumed constant because the target, hand and head were fixed during reach planning.
However, targets stored in eye-centered coordinates acquire additional eye position
CTU when target position is remapped to make a reach.
In Appendix A, expressions for σy for four different conditions are derived: target visible with eye-centered storage (σy,vis,eye ), target occluded with eye-centered storage
(σy,occ,eye ), target visible with head-centered storage (σy,vis,head ), and target occluded
with head-centered storage (σy,occ,head ), and show that the reliability of Bayesian inference depends on storage strategy due to CTU. We present expressions for σy for
each condition below. To quantitatively predict MGA, degrees were converted to mm
for eye-position information.
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Figure 3.4: The diagram is a state-space representation of the computations, that treats the memory representations of target location as a random variables. Pluses represent effects that shift the
mean and/or variance of a memory distribution, while stars represent probabilistic updates of both
means and variances that result from multiplying likelihoods. Figure illustrates the effect of CTU
on the flow of information between eye- and body-centered coordinates. Because the experimental
set-up maintains a constant head-body relationship, this diagram will treat head- and body-centered
coordinates synonymously. For the visual condition in this task, there was visual (v), haptic (h)
and eye position (CT U ) information available during the reach cycle. Moreover, this information is
accumulated over time, forming a memory distribution (xmem - eye centered; ymem - body centered)
on target location (See Appendix). [A] Storing target representations in eye-centered coordinates:
The memory distribution from the previous trials (xt−1
mem ) is maintained in an eye-centered coordinate frame. This distribution is combined with haptic information that was acquired from the
previous trial (ht−1 ) by remapping the haptic information into eye-centered coordinates through a
noisy transformation (CT U ). At the beginning of the tth trial, the newly acquired visual information
(v t ) is used to update the target location representation, forming the target representation that will
be used to plan for the tth reach (xtmem ). [B] Storing target representations in body-centered coort−1
) is now maintained in a body-centered reference frame.
dinates: The memory distribution ( ymem
Haptic information that was obtained from the previous reach (ht−1 ) is used to update the memory
distribution. At the beginning of the tth trial, visual information (v t ) is acquired and remapped into
body-centered coordinates via a noisy transformation (CTU). The visual information is then used
to combined with the memory distribution to form the target estimate used to make a reach on the
current trial.

Bayesian inference with eye-centered storage maintains a distribution on target lo2
cation x that captures both a target estimate µeye and its uncertainty σeye
. The
distribution is corrected by sensory information remapped to eye-centered coordinates (when available), and adjusted for the effects of each eye movement. When
the target is visible, visual and haptic information are combined with memory in
eye-centered coordinates and passed to head-centered coordinates for reach planning.
The uncertainty in target location resulting from this computation is given by:
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(3.3)

2
when brought into
where haptic information acquires additional uncertainty σpe,k−1
eye-centered coordinates from CTU due to errors in eye position sensing on the pre2
vious trial, and the whole expression acquires additional uncertainty σpe,k
from the
transformation from eye to head-centered coordinates, necessary for making a reach.
Target occlusion removes any visual information, resulting in the following expression:

s
σy,occ,eye =

2 (σ 2 + σ 2
σeye
h
pe,k−1 )
2
+ σpe,k
2 + σ2 + σ2
σeye
h
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(3.4)

Bayesian inference in head-centered coordinates is similar, except a memory distri2
bution is maintained on y with mean µhead and variance σhead
. Visual information is
2
remapped to head-centered coordinates (acquiring additional uncertainty σpe,k
) and
combined with memory before reach planning resulting in the following uncertainty
expressions when the target is visible:
s
σy,vis,head =

2
2
σhead
(σv2 + σpe,k
)σh2
2
2
2
σhead
(σv2 + σh2 + σpe,k−1
) + σh2 (σv2 + σpe,k−1
)

(3.5)

and when the target is occluded:

s
σy,occ,head =

2
σhead
σh2
2
σhead
+ σh2

(3.6)

Although the Equations 3.3 - 3.6 appear complicated, they simplify dramatically when
the memory variance is much larger than the current information (σeye−head  σv ).
By assuming large memory uncertainty, the predictions only depend on models for
visual, haptic, and eye position uncertainty. More specifically, Equation 3.3 reduces
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to:

s
σy,vis,eye =

2
σv2 (σh2 + σpe,k−1
)
2
+ σpe,k
2
2
2
σv + σh + σpe,k−1

(3.7)

While Equation 3.5 simplifies to:

s
σy,vis,head =

2
σh2 (σv2 + σpe,k−1
)
2
σv2 + σh2 + σpe,k−1

(3.8)

And Equations 3.4 and 3.6 reduce to σy,occ,eye = σh + σpe,k and σy,occ,head = σh ,
respectively. The simplified equations were used to make the predictions shown in
Figure 3.5. For large memory variance, there is no learning across trials and the
integration of information is a more general form of cue combination that incorporates
coordinate transformation uncertainty and its impact on the reliability of information
resulting from different storage strategies. It should be noted that inaccurate location
memory is not unreasonable: memory standard deviations greater than 4 deg occur
in tasks with similar delays involving humans [29, 57, 99] and monkeys [121, 7]. In
addition, a limited memory model on the basis of cross-trial analyses could not be
rejected – any influences of fixations from previous trials were too small to be reliably
measured.
3.2.5.2 Modeling pointing data
To illustrate the effect of CTU on pointing behavior, data from a previously published
experiment [71] was modeled. Similar to how MGA adjusts for uncertainty associated
with the target location, pointing behavior is expected to change with the mean of
the target location distribution. As previously mentioned in the Modeling Section,
CTU biases target location estimates toward forward view as a result of the prior
distribution on eye position (Figure 3.3). Therefore, if people are estimating their
CTU, their pointing behavior is expected to change with these biases.
Participants in the [71] experiment were required to fixate an eccentrically presented
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target. After the target was extinguished for a period of time, subjects were asked
to point to the remembered location of the target. In this task, pointing to target
required the subjects to point to the mean location of their estimated eye position,
as eye position and target location were coupled at presentation. Pointing biases
were recorded as the difference between subject settings and true target direction.
Data were pooled across subjects and medians (with 95% confidence intervals) were
reported. We extracted this data from Figure 2D of [71] using a computer program,
replotting it with model predictions superimposed in Figure 3.5C. Full descriptions
of data collection and methods are found in the original paper.
Since visual information is constant (v = 0) for all targets, pointing biases must
result from biases in eye position estimates (like those shown in Figure 3.3B). The
model predicts biased eye position estimates as a consequence of the use of priors
in Bayesian inference. Previous work suggests the brain employs a prior belief that
saccade magnitudes are small [84]. Here a similar assumption is made, that the
brain has a prior belief that the highest probability eye position is forward view,
with eccentric eye positions increasingly less probable. This prior has the effect of
biasing eye position estimates toward forward view. When remembered visual targets
are remapped to body-centered coordinates, the presence of eye position CTU is
expected to bias target location estimates toward forward view as a result of the
prior distribution on eye position (Figure 3). If the brain incorporates knowledge
of the effects of CTU on remapped object location estimates, pointing behavior is
expected to mirror biases in eye position estimates.
We use the eye-centered target storage model (Equation A.17) and the same parameter values to generate predictions, except haptic data are excluded. Neglecting the
influence any systematic motor biases, pointing direction is assumed match the target
estimate µy,vis,eye . Based on the experimental design, we assume v = 0 and µeye = 0,
which reduces µy,vis,eye to we e. Predicted bias in pointing direction is computed as the
difference between the observed pointing directions (modeled as we e) and the actual
target direction (given by e), resulting in:
pointingbias = we e − e =

10e
−e
10.05 + .05|e|

which produces the curve shown in Figure 3.5C.
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3.3

Results

Previous work shows that maximum grip aperture scales with object size (e.g., [87,
88]) and also increases when visual information is degraded (e.g., [122, 101]). It
was tested whether reaching behavior similarly adjusts for changes in target location uncertainty introduced by varying CTU. Specifically, participants reached to the
remembered locations of occluded targets while eye position was varied. The experimental logic is that if it is found that maximum grip aperture changes with eye
position when the target is occluded, it suggests the brain uses knowledge of CTU
for reach planning.
To make the predictions more precise, the amount of target uncertainty that should
be introduced by varying eye position was modeled. A Bayesian model of eye position sensing was developed, using published data to provide realistic values for model
parameters. Figure 3.3 shows the behavior of Bayesian inference of eye position. Because the biases and uncertainty that arise in the inference of eye position propagate
to all information passed between eye and head-centered coordinates, the figure also
illustrates the predicted consequences of CTU on estimates of target location. Examples of Bayesian inference of eye position are shown in Figure 3.3A. Due to signal
dependent noise, eye position uncertainty (measured by the standard deviation of the
posterior distribution) increases away from forward view, shown in Figure 3.3C. The
use of the prior shown in 3.3A biases estimates of eye position towards forward view
as shown in Figure 3.3B. Because remapping from eye to head-centered coordinates
involves adding an estimate of eye position, biases in target estimates should mirror
those for eye position. In addition, the uncertainty in remapped target information
should vary with eye position like the curve shown in Figure 3.3C. In essence, these
profiles are fingerprints for identifying whether information has been transformed between eye and head-centered coordinates. That is, if the brain is estimating CTU and
using that information for reach plans, MGA should change similar to Figure 3.3C,
and pointing to change with Figure 3.3B.
Experimental data are shown in Figure 3.5, with model predictions superimposed.
At reach onset in the target occluded condition, all vision was extinguished (Figure
3.2C,D). Although both the fixation point and the target were not visible during a
reach, subjects’ maximum grip aperture increased for eye positions away from forward
view (Figure 3.5A). Moreover, the smallest MGA occurred near forward view, rather
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Figure 3.5: Figure showing the predicted and actual MGA trends for the experiment. [A] Target
Occluded Condition: Mean change in MGA averaged across all subjects as a function of fixation
eccentricity (the angle between fixation and target). Mean change in MGA ± 1 SEM is depicted by
the solid black circles for subjects in the partial range condition (See Methods Section), and a dotted
gray line for subjects in the full range condition. Bayesian model predictions are superimposed on
the data for body-centered storage (solid blue line) and eye-centered storage (red lines) for two kinds
of data pooling across trials. Predictions for the grasping data are rescaled to match the range of
observed MGA changes. The data are consonant with an eye-centered storage strategy, and also
show awareness and behavioral compensation for CTU resulting from eye-position uncertainty. [B]
Visual Condition: Mean MGA values ± 1 SEM are depicted by the solid black line. MGA varied
close to linearly with eccentricity, verifying MGA captures position uncertainty. Superimposed model
predictions are similar but differ in convexity: approximately linear for body-centered (blue line)
and concave for eye-centered (red line), with data similar in shape to the eye-centered predictions.

than at the target location, showing that the effect is a consequence of eye position
and not target location. Although subjects made hundreds of identical reaches in
this experiment over the course of many hours across several days, uncertainty about
object location varies with eye position as predicted by storing information in an
eye-centered reference frame (Figure 3.5A). In contrast, if object location were stored
in a body-centered coordinate frame (e.g. head or hand), there should be no effect of
eye position (Figure 3.5A).
To verify that MGA is a measure of object location uncertainty, the same experiment
was run on a different group of subjects with a visual occluder that allowed view of
the target, but not the hand (Figure 3.2A,B). Visual location uncertainty increases
linearly with the eccentricity of the target, due to changes in retinal acuity in the
periphery [17, 18, 120, 69]. The data show an almost linear change in MGA with
retinal acuity, verifying MGA as a measure of target location uncertainty. Moreover
the deviation from linearity is in the direction predicted by eye-centered storage, but
not head-centered (Figure 3.5B).
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Figure 3.6: Figure demonstrates the effect of uncertainty on finger (top traces) and thumb (bottom
traces) approach trajectories. Each trace represents the mean trajectory for that fixation point,
across all subjects. The color of the trace represents the degree that fixation deviates from the
target location (10◦ = black, 40◦ = blue, 70◦ = red). [A] Visual Condition: As the amount of visual
uncertainty increases, finger trajectories become more hooked, whereas thumb trajectories do not
vary substantially. [B] Occluded Condition: Although the magnitude of change is smaller, there
is a reordering of the finger approach trajectories such that the trajectory that corresponds to the
forward view location (40◦ ) now has the least amount of hook. Both of the other fixation points
(10◦ &70◦ ) appear to have similar amounts of hook. This result is predicted by the increase in eye
position uncertainty away from forward view, supporting the notion that people are estimating their
CTU when making a grasp. Note that the finger trajectory in the target occluded condition also
appears to ”wrap-around” the object. Therefore, it also appears that subjects contacted the object
with a different part of their finger when no visual information was available.

The MGA results summarize systematic changes in subjects’ approach trajectories
that occur when the amount of target uncertainty increases, for both occluded and
visual data (Figure 3.6). Trajectories from the visual condition show that the effect of
increased uncertainty is to widen the excursion between finger and thumb and make
the finger trajectories became more ”hooked” (Figure 3.6A). Trajectory changes in
the target occluded condition are similar, but the widening pattern is reordered such
that the trajectory associated with forward view has the least amount of hook (Figure
3.6B). The similarity in the trajectory changes in the visual and occluded conditions
suggest that both are the result of target uncertainty.
It was also investigated whether the model could account for biases in pointing data
that have been used to infer target storage in eye-centered coordinates (see [24] for
review). In these studies, target direction is briefly presented using auditory [70,
90], visual [48, 71, 77, 1, 2], or proprioceptive [90] information while eye position is
varied, after which subjects point to remembered target direction. These studies show
systematic changes in pointing error with eye position as qualitatively predicted by
eye-centered storage. Most of these studies have complicated designs (e.g. multiple
64

Mean P redicted B ias (deg)

P OINT ING B IAS DAT A
6
4

Lewald Data
B ayes P rediction

2
0
-2
-4
-6
-40 -30 -20 -10 0 10 20 30 40
Degrees Away from F orard V iew

Figure 3.7: Figure showing CTU predicted and actual pointing bias trends. Pointing bias data
extracted from Figure 2D of [70] (black dot) ± 95% confidence intervals with Bayesian model predictions superimposed (red solid line). The good agreement between predictions and pointing data
suggests biases may be the result of CTU.

fixations per trial [48] and/or mix biases due to coordinate transformation effects with
those due to visual sensing and motor production. However, the model generates
simple predictions for the data presented in [71] because eye position forms the only
available information to target direction. There is good agreement between data and
model predictions, shown in Figure 3.7.

3.4

Discussion

The experimental data show that participants adjust their grasping behavior to compensate for target location uncertainty introduced by errors both in visual and eye
position sensing (CTU). These results suggest that the brain represents CTU and
incorporates its effects on estimates of target location. Previous studies have shown
that the brain represents the reliability of sensory data both within (e.g., [66, 94])
and between modalities [5, 31, 10], in addition to representing the end-point variance
of motor movements [46, 110, 111]. By representing CTU, the brain has all the components required to predict performance of complex sensorimotor behaviors involving
perception-action cycles.
Although it is maintained that the change in grasping behavior in the occluded condition to target uncertainty, it may be that holding eye position away from forward view
creates an attentional load that affects grasping. This possibility is believed to be
implausible for two reasons. First, it is unclear why decreased attention would create
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the same kind of trajectory changes as visual uncertainty, however, it was shown that
eye position affects finger trajectories in the same way as changes in the amount of
visual information. Second, reaching normally requires focal attention to be shifted
to the target [104]. However, it is argued that allocating focal attention to the target
should be easier when fixating the target than when looking straight ahead.
In addition, the effect of CTU on grasping in the target occluded condition is consistent with an eye-centered memory representation for object location. The only
sensory information in this condition is the brief haptic contact with the object at
the end of each reach. Despite the lack of visual information, grasping varies with
eye position consistent with bringing haptic information into eye-centered coordinates
using a noisy transformation. These results extend previous neural (e.g., [9, 91] and
psychophysical evidence (from pointing) (e.g., [48, 71, 77, 24]) for eye-centered target
storage by showing that eye-centered storage persists in a task for which there is no
visual information specifying target location. Note that these results do not preclude
the possibility that target information is stored in multiple coordinate frames [6]. In
this case reach planning may not be exclusively based on an eye-centered target representation, however, the results suggest that an eye-centered representation is both
updated without vision and is incorporated in reach plans.
Although it seems intuitive that an eye-centered coordinate frame is employed when
visual information is present, it is less clear why non-visual information is also being
stored in eye-centered coordinates (i.e., target occluded condition). One possibility
is that the brain uses a robust strategy for information storage. If the brain assumes
that the loss of visual information is temporary, then eye-centered storage allows
rapid prediction of the target’s location which is useful for error correction if the target reappears. It may be the case that people who have had extended periods of poor
visual information (i.e., low-vision or blind) will not use eye-centered target representations. Another possibility is that visual fixation marks promoted an eye-centered
storage strategy. In particular, fixation marks may have been used to maintain an
accurate representation of the body’s configuration with respect to the apparatus.
Computing hand and target location relative to a fixation point would be equivalent
to computing hand and target locations in eye-centered coordinates. In future work
it could be investigated if MGA changes across eye position remain when a tactile
fixation point is used in the target occluded condition.

66

It was demonstrated that grasping behavior adjusts for coordinate transformation
uncertainty introduced by errors in eye position sensing, suggesting the brain has
an internal model capable of predicting the consequences of CTU. In addition, a
Bayesian model was provided that quantitatively describes the impact of CTU on
both the reliability and bias of the posterior distribution on target location. The
model was used to offer an explanation for previously reported biases in pointing,
in addition to predicting the observed psychophysical data. Together, these results
suggest that CTU may affect behavior in tasks where multimodal cue combination
is being performed and body articulation is not fixed. Because previous research
on multimodal cue combination has primarily focused on tasks with constant body
articulation (e.g., [5, 31, 10]), CTU could safely be ignored. However, in tasks with
variable body articulation the coordinate transformation uncertainty introduced by
errors in joint sensing may cause behavioral changes that will be inexplicable if CTU
is not taken into account.

3.5

Uncertainty Conclusions

It is clear that people are incorporating estimates of their uncertainty both within
(Chapter 2) and across (Chapter 3) perceptual modalities when making a grasp.
Moreover, it appears that people use knowledge of their CTU when performing a
grasp. Together, these results imply that people have an understanding of their uncertainty. Therefore, if the brain is going to select actions minimize the risk associated
with a task, the only thing that is lacking is evidence that it understands and acts
according to a natural loss function (i.e., one that results from the task demands).
The next chapter will reverse-engineer a loss function for grasping tasks, in addition
to testing the model by requiring people to lift objects at different orientations.
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Chapter 4
Natural Loss Function for
Grasping Behaviors
4.1

Introduction

Natural tasks are usually specified in terms of high-level goals like lifting an object.
However, to execute a movement, high-level goals must be converted into a detailed
control strategy at the level of forces and torques (or muscle contractions). This
problem is difficult because the conversion is underconstrained – there are an infinite
number of ways to reach to and lift an object. As a result, understanding how the
brain accomplishes this conversion is a major goal in motor control research.
Optimal control theory provides an elegant solution to this dilemma, explaining why
people reach in a very predictable and stereotypical manner, even with ambiguity (e.g.
[46]). The basic idea is that a specific movement strategy is selected by minimizing an
expected loss function defined on movement parameters and task goals. For example,
researchers have differentially paid subjects based on their performance (e.g., [110,
111]) in a reaching task. Essentially, researchers are experimentally imposing the
reward function onto the task. They found that people adjust their mean endpoint
location such that it maximizes the expected gain for the task. However, a limitation
of this approach is that the loss function is not natural - people do not typically get
paid when reaching to and grasping objects. Therefore, it is desirable to attempt to
reverse-engineer a loss function that can account for natural movements.
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There has been a considerable amount of effort over the past thirty years to reverse
engineer a loss function for reaching (e.g. [34, 46, 109]). One such effort maintains
that the motor system attempts to perform the smoothest (i.e., minimum jerk) movement towards a goal state [34]. This optimization principal was able to predict the
trajectories people took when reaching from Point A to Point B, through an intermediate point (i.e., via-point task). The limitation to this approach is that the goal state
(i.e., Point B) is experimentally imposed. In natural grasping behavior people are not
told where to place their fingers on an object. Moreover, specifying a goal state also
imposes the terminal velocity of the finger (i.e., zero). However, when moving to
grasp an object, it may be beneficial to contact the object with a non-zero velocity
in order impart the momentum of the hand to the object, allowing for smooth object
movement.
Another attempt at reverse engineering a loss function maintains that the motor
system is concerned with making accurate movements, in the presence of signaldependent motor noise [46]. Such a minimum error optimization principal was also
able to accurately predict the trajectories people took when performing a via-point
task. However, it suffers from the same limitations of imposing the contact conditions
(i.e., location and velocity) people must use as a result of the task constraints.
Finally, recent research has suggested that the sensorimotor system attempts to minimize the number of controls it makes during a reach trajectory [109]. This minimum
control framework maintains that the system only controls for variability that will
adversely impact performance and was able to accurately predict the trajectories used
in a via-point task. However, this approach also suffers from the limitation that the
contact conditions were imposed on the task.
Due to the above limitations, there are still many gaps in our knowledge of human
sensorimotor control. For example, one of the key planning problems for lifting an
object is where to place finger and hand contacts. Without this information, trajectory plans cannot be formulated. Nevertheless, previous proposals do not address this
problem. Instead they focus on understanding trajectory planning after the contact
conditions (location, velocity and acceleration) have been experimentally imposed.
This approach has yielded a series of loss functions that can successfully predict
trajectory data (e.g. minimum jerk [34]; minimum end-point error [46]; minimum
cost-to-go [109]; etc.). However, specifying good contact conditions is important be69

cause they can vary drastically across tasks. For example, in a task where the subject
has to lift an object, finger locations determine the relative controllability of the object. Moreover, the velocity and acceleration at contact could be planned to allow
the hand’s momentum to lift the object.
Indeed, previous research has demonstrated that peoples’ hands shape differently
during a reach [3] and that the hand contacts the object at different locations [21]
depending on the manipulation being performed on the object. Moreover, recent
research [74] has shown that people select different contact locations based on the
predictability of the object’s center of mass. Although these empirical finding allude
to the impact of the task being performed on finger contact locations, they do not
provide a cogent theory that is able to predict these changes across tasks.
Therefore, the goal of this chapter is to propose a theory for how the brain solves
the contact selection problem. The theory maintains that the brain selects contact
conditions through an internal model of the physics of object manipulation – how
and where forces must be applied to effectively move objects. It will be demonstrated
that this knowledge, coupled with a strategy of moving objects with a minimum
control strategy, can be used to derive a natural loss function for optimal contact
point selection. The empirical validity of these ideas are investigated through human
reaching experiments that require subjects to lift or touch objects arranged at different
orientations.

4.2

Reach Hierarchy

The core idea of this proposal is that the strategy for lifting an object begins by
planning for the intended motion of the object. It is further assumed that object
trajectory planning follows the same minimum control principles as hand and finger
trajectory planning. Intuitively, when an object is manipulated, it is functionally
an extension of the hand and is (presumably) controlled by the same system that
controls an empty hand. Specifically, this theory proposes that the object’s motion
plan is controlled by encoding the desired object via-points and goal-state (locations,
velocities, accelerations) in a loss function on object motion. Furthermore, it is assumed that an optimal control strategy is used to find the set of forces required to
generate an optimal object trajectory. However, the required object control forces are
a function of finger placement and external forces (like gravity; Figure 4.3C). Using
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equations of rigid body motion, contact dynamics and kinematics, it will be demonstrated that the object motion loss function can be rewritten in terms of a loss on
contact conditions. Optimizing this loss function results in contact conditions that
can achieve the desired object motion with minimum force. Finally, these optimal
contact conditions induce a loss function on approach trajectories.
[A]

[B]

[C]

[D]

Figure 4.1: Demonstrates the three components of a reach task. Red dots signify the thumb’s
position. Green dots represent the index finger’s position, and blue dots show the object’s center
of mass. [A] Approach trajectory. Optimal control trajectory to contact conditions. [B] Selecting
contact conditions. Select contact conditions that can produce the desired object motion with minimum force and torques. [C] Planning for object’s motion. Optimal control of object motion. Notice
that this separation has a hierarchial arrangement (from right to left). [D] Illustrates relationships
between object motion and finger motions. Given frictional contact without slippage, the object and
fingers are connected by a kinematic chain. From this view, contact selection amounts to choosing
a particular object-hand linkage.

This proposal for converting a goal for object movement into a motor plan can be
thought of as forming a planning hierarchy (Figure 4.1). At the first level, the task
goal is converted into object motion goals. At the next level the intended object
motion is used to determine good contact conditions for control of the object. Finally,
the contact conditions form the goals for approach trajectory generation. For a given
desired object motion, only a subset of finger contact configurations will minimize the
risk. Thus the proposed framework can be used to predict what contact conditions
people should use to achieve a desired object motion.

4.3
4.3.1

Methods
Experimental Details

To test if people were reaching in a manner predicted by the natural loss function,
subjects were required to touch and lift cylindrical objects at varying orientations
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Figure 4.2: Reach set-up employed in this experiment. Subjects were required to reach to objects
at varying orientations (horizontal, 45 degree, vertical) while their fingers were tracked. See text for
details.
(Figure 4.2: horizontal, 45 degrees, and vertical, with respect to gravity). When
the fingers support an object, gravity induces torques on the object that varies with
the object’s orientation and finger locations. Notice the effects of gravity must be
taken into consideration when lifting the object, but not when touching the cylinder.
Therefore, it is predicted that subjects in the lift condition will place their fingers
in locations that achieve the desired object motion while canceling gravity-induced
torques. Whereas, in the touch condition, subjects will successfully contact the experimentally imposed location.
Four head-fixed subjects were required to reach to a spatially fixed object located
approximately 44 cm away, with a viewing distance of 49 cm. Subjects were instructed
to reach as quickly (less than 1200 ms) and accurately as possible. Once the reach was
completed, their hand was returned to the starting block for the next trial. Infrared
emitting devices were attached to the fingers and their movements were recorded via
an Optotrak 3020 sampling at 100Hz. Each subject ran in one reach condition (i.e.,
touch or lift) at one object orientation (horizontal, 45 degrees or vertical) per day.
For each condition, the starting block was rotated to make the relative finger paths
in space nearly identical for the three orientations. The session terminated after they
completed 120 reaches per condition. Every subject ran in each of the six possible
conditions.
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A calibration procedure was used to determine a probabilistic relationship between a
fingertip model and the finger sensors and the position of the object relative to the
Optotrak. Fingertips were modeled as elliptical generalized cylinders (15mm peak
width and 10mm peak thickness) whose radius followed a profile roughly matched to
the author’s finger. Finger-object impact events were determined from the trajectory
data the large magnitude jerk events with the highest probability of first collision
(based on the calibration data). Contact positions were computed from the highest
probability contact location at the end of the impact event, while contact velocities
were referred to time immediately preceding impact.
The heart of this proposal is that the brain understands object manipulation and
can bring object motion within its control framework. Hence, it is necessary to
explain how object motion can be rewritten in terms of the motions of finger contacts
and forces. It will then be shown how to rewrite the cost function for the object
movement task in terms of contact conditions, which allows the selection of optimal
contact conditions. Finally the predictions of this approach will be compared with
contact data from the experiment.

4.4

Controlling Object Motion with the Fingers

A fundamental idea in robotic manipulation is that a stably grasped object forms a
closed kinematic linkage with the hand through frictional contact points ([80, 13]).
What this means is that (with force closure) the finger contacts act as virtual links
that attach the object to the hand (Figure 4.1D). Roughly speaking, human fingertip
contact (without sliding) is instantaneously equivalent to a (virtual) spherical joint
with two degrees of freedom. Given a description of the object-finger contacts, the
motion of the object is determined by the motions of the fingers, as long as contact
is maintained.
The motion of a rigid object can be described using generalized coordinates and
generalized momentum. Generalized coordinates X(t) = [~c(t), Ω(t)]T combine a
vector to the object’s center of mass ~c(t) with a vector that parameterizes the three
degrees of freedom in the rotation Ω(t) between the reference and object’s coordinate
frames. Specifically, the direction of Ω(t) is the rotation axis, and the length is the
angle. Then the rotation is given by the matrix exponential R(t) = exp(Ω× (t)),
where Ω× (t) is the skew symmetric matrix that would accomplish a cross product by
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Ω(t) via a matrix multiply. Generalized momentum is similar, combining the linear
c
with the angular momentum L(t) = I(Ω(t))ω(t) into
momentum vector P~ (t) = mo d~
dt
one vector, where mo is the object’s mass, and I(Ω(t)) = R(t) Ibody RT (t) is the inertia
tensor in the world frame and Ibody is the fixed inertia tensor in the object’s frame.
Using generalized coordinates and momenta, the equations for the dynamics of an
object’s motion are easy to write down. The special case of object manipulation
using two finger contact in stable force closure (without slippage) is considered. The
dynamics of the object’s motion as a function of the generalized finger contact forces
~ui for two fingers is given by the Newton-Euler equation:

~ r1 , ~r2 )
M (Ω(t))Ẍo (t) = ~u1 (~r1 ) + ~u2 (~r2 ) + G(~

(4.1)

where Xo (t) = [~c(t)θ(t)]T is a Cartesian vector representing the position and orientation of the object, M (Ω(t)) is generalized mass matrix specified by the object mass
~ the
and inertia tensors, ~ri are the contact locations in object coordinates, and G
force and torque from gravity. These forces and torques need to be supplied by the
fingertips while preserving finger-object contact.
Preserving object contact constrains both finger forces and finger motions. To maintain static frictional contact, finger forces ~ui must have tangent plane components less
than the static coefficient of friction µ times the surface normal component. Finger
motions required to maintain contact can be written in terms of the object’s motion,
and the location and local geometry of contact points. Let So ,Soc,i , Sf c,i , and Sf,i denote coordinate frames for the object (at the center of mass), the Gauss frame defined
by the object’s surface normal and tangent plane at the ith contact point, finger i’s
Gauss frame at it’s contact point, and finger i’s reference frames, respectively. Then
f c,i
o
, Tfoc,i
a chain of transforms can be defined Tf,i
c,i , Toc,i between the coordinate frames
above, where subscripts denote the origin frame and superscripts the destination.
Moreover, the velocity of the object can be written in terms of finger velocities using
Jacobians derived from the transforms above and the kinematic contact constraints
(see [80] for details):
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Ẋo (t) = Jf,i (Xf,i (t), ~ri ) Ẋf,i (t)

(4.2)

Given non-sliding contact and force closure, these Jacobians are sufficient to determine the finger motions given an initial contact point. Thus the object motion can be rewritten in terms of desired finger motions and contact forces, which
are straightforward to convert into joint torques given inverse dynamics models for
finger motion. Abstractly, there are different system models for the fingers before: Ẋf = hf ree (t, Xf , ~u), during: Ẋf = hcontact (t, Xf , ~u, ~vc , ~rc ) and after contact
Ẋf = hf +obj (t, Xf , ~u, ~rc ), which leads to different control laws ~u = π(t, Xf , ~vc , ~rc )
applying in each period, where ~u is the vector of required finger forces. Note the
dependence of the contact and object systems on contact location ~rc and contact
velocity ~vc .

4.5

Loss Function for Object Motion Planning

This loss function combines two elements, task constraint costs penalizing deviations
∗
(tj ) and finger control costs that are always present:
from desired object via states Yo,j
Cobj =

N
via
X

Qj

∗
Xo (tj ), Yo,j

j=1



+

N f ing Z tf in
X

Ri (~ui (t))dt

0

i=1

N f ing N via

=

X X
i=1

Z
0

Qj

∗
Tfo (tj )Xf,i (tj ), Yo,j



j=1

t−
con

Ri (πfi ree (t, Xf,i ))dt

Z

Z

tf in

+
t+
con

Ri (πfi +obj (Xf,i , ~rc ))dt +

t+
con

+
t−
con

i
Ri (πcontact
(Xf,i , ~vc , ~rc ))dt

Intuitively, minimizing this loss function will result in a set of finger positions that
achieves accurate object motion, with minimum pinch-force. Theoretically, the optimal control strategy will minimize the expectation of this loss function over control
laws π(.). Because the control law after and during contact depends on contact conditions, the optimal overall control law will indirectly choose optimal contact conditions.
In this formulation, optimal contact points could be selected online as a part of an
expected cost-to-go minimization, or off-line to serve as intermediate task goals.
To make testable predictions from this theory, the following simplifying assumptions
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∗
∗
were made: Qj Xo (tj ), Yo,j
= α||Xo (tj ) − Yo,j
(tj )||2 , and Ri (~ui (t)) = β||u̇i (t)||2 /dt2 ,
where α and β adjust the relative importance of the two costs. In addition, because
the cost on controls is related to the finger jerk, it is expected that the hand and
object trajectories produced by an optimal control will be close to minimum jerk
predictions on average. These simplifications were used to generate loss functions on
contact location as described in the methods section.
4.5.1

Loss Function Computation

To simplify risk function evaluation, the rigid body manipulation equations above
were simulated over a dense grid of contact finger locations. Because the movements
involved no intended rotation, an overall net force impulse could be precomputed
that would drive the object along the desired minimum jerk trajectory to ([0, 0, 50])
in 500 ms. At each time step finger contact forces and finger movements of the above
model finger were computed that would produce the value of the net force impulse
while maintaining contact with least effort. Simulation parameters were: friction=1.1,
hand mass of .0474 kg, object’s mass 0.185 kg, and inertia was computed from the
standard formula for a cylinder. Different measures of cost were then computed from
the computed control signals and finger motions. Object motion cost is a sum of the
deviation from desired object end state and the amount of relative motion between
object and fingers introduced by rolling of the contacts. Object jerk and control cost
measure the object jerk (linear and rotational) and the change in required controls,
respectively. These cost measures differed very little qualitatively so only object
cost is shown. Finally, the risk associated with a contact location was computed
by convolving the evaluated cost function with the contact motor error distribution
estimated from each subject’s touch data.

4.6

Observed Contact Positions and Velocities Depend on
the Task

The theory makes some simple qualitative predictions. Contact locations that make
it easy to move and stabilize the object should be selected. Moreover, the direction
and magnitude of contact velocities should produce a smooth, low control transition
between the approach and manipulation components of the reach. External forces
that change the location where stabilizing forces should be applied can be used to
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[A]

[C]

[B]

Figure 4.3: Empirical contact condition data for different tasks. End-point locations and velocities
of the thumb (red dots) and index finger (green dots) are given. Blue lines on graph demonstrate
the location of the center of mass (0, 0, 0), and the zero velocity (mm/csec2 ) location. [A] Contact
location and velocity data for a vertically oriented cylinder. Notice in the touch condition people
were reaching to the center of mass and terminating with zero velocity. However, in the lift condition,
people were contacting the object above the center of mass and with positive z-velocity. [B] Contact
location and velocity data for a horizontally oriented cylinder. Notice in the touch condition people
were reaching to the center of mass and terminating with zero velocity. However, in the lift condition,
people were contacting the object with a staggered finger arrangement (thumb slightly to right of
the center of mass, but finger more right) and with positive x-velocity. [C] Diagram illustrating the
important concepts for the empirical predictions. r1 & r2 are the distance of the finger’s and thumb’s
contact location from the center of mass, respectively. L is a point that bisects an imaginary line
between the contact locations.

test the contact location prediction. A simple way to accomplish this is to vary the
orientation of an object with respect to gravity. As shown in Figure 4.3C, stably
holding a cylinder requires canceling torques due to gravity. Gravity induced torques
depend on the distance between the cylinder’s center of mass and the pivot point (L)
and the orientation of the cylinder. The amount of torque that can be applied by the
fingers is proportional to the distance between the fingers. Thus, planning for object
motion would predict that subjects should adopt a staggered finger arrangement at
contact when lifting the cylinder horizontally, parallel finger locations when lifting
the object vertically, and intermediate finger offsets for orientations between the two
extremes. A plausible alternative to planning for object motion is to choose a generic
strategy which selects contact conditions that work in many situations. For lifting
the cylinder in this task, such a strategy exists: reach for the center of mass with a
parallel finger arrangement.
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Assuming that people are planning for the object’s motion also leads to contact velocity predictions. More specifically, it predicts that contact velocities will be selected
that achieve the desired object motion for a given object orientation. To experimentally test these velocity predictions, subjects were additionally required to touch (i.e.,
no object motion) the same cylinders. It should be noted that there were two separate
touch conditions where subjects were asked to touch imaginary lines and real lines at
the object’s center of mass for each orientation.

4.7

Empirical Results

Figure 4.3A,B shows the results from a typical subject in the horizontal and vertical
lift condition. It is apparent that the subject is following the object motion planning
prediction: lifting with a staggered finger arrangement in the horizontal condition
(where the thumb is slightly to the right of the center of mass, and the finger is
further right of the center of mass), and lifting with a parallel configuration in the
vertical condition. All subjects showed an identical trend, with the finger offset in the
45 deg condition falling between the 0 and 90 deg conditions. These results are not
simply due to motor limitations–subjects were quite good at touching the imaginary
line in all orientations. In fact, contact locations for the touch condition did not vary
significantly across orientations.
In addition, contact velocities vary with object motion and orientation in ways qualitatively predictable from planning for object motion. Figure 4.3 shows that a typical
subject in the touch condition contacted the object with zero velocity for both orientations in agreement with task demands. In the lift condition, it may not be desirable
to contact the target with zero velocity. Instead, we can use the momentum of our
hand to help carry the object to the desired location. Therefore, it is predicted that
subjects will contact the object with a positive thumb x-velocity for the horizontal
condition, and a positive thumb and finger z-velocity for the vertical condition. All
subjects showed finger velocities that match these predictions, and the horizontal and
vertical data for one subject is shown in figure 4.3.
From this section it is clear that contact conditions changed in the expected directions across tasks and orientations. The next section will outline evidence from the
horizontal condition that suggests the empirical lift data are in agreement with the
loss function detailed above.
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4.8
[A]

Are Empirical Contact Locations Optimal?
[B]

Figure 4.4: Risk landscapes for the horizontal touch and lift conditions. Index finger (green dots)
z-positions are plotted against thumb (red dots) z-positions. The blue dot represents the object’s
center of mass. Only the middle 80 cm of the cylinder are shown. [A] Touch risk landscape.
Heaviside function was used as loss function as it was assumed that the task required subjects to
place any part of their finger and thumb (both assumed to be 1 cm) on the line. [B] Lift risk
landscape. Loss function detailed above was used to develop landscape. Notice that there are a set
of finger arrangements that produce accurate object motion.

Figure 4.4 illustrates the object position risk landscape for a horizontally oriented
object as a function of the task. Blue areas show the low cost finger arrangements
that overlap the contact line in the touch condition and produce good object motion
in the lift condition. Figure 4.4 shows that there are essentially three distinct finger
arrangements that produce good object motion. Conceptually, the top and bottom
arrangements (Figure 4.4B(1,3)) are such that if the thumb falls to the right of the
object’s center of gravity, then the finger should be more right, and vice versa. Given
the setup (i.e. right-handed reaching and start point right of center of mass), the
(Figure 4.4B(1)) finger arrangements are more likely than those in (Figure 4.4B(3)).
The middle arrangement (Figure 4.4B(2)) takes-on a more central approach where
the fingers on parallel with each other. However, in order to achieve accurate object
motion, it requires the fingers to be very near the center of mass. The area of low
risk object motion for a central strategy is much smaller than those for a staggered
strategy. Therefore, when making a right handed reach, the first finger arrangement
may be the best of the possible low-risk arrangements. Finally, it should be noted
that this risk function results solely from the physics of the task and motor noise
estimates and has no free parameters.
Figure 4.5 shows the object position risk landscape with the four subject’s data superimposed on the landscape. In the touch condition, it’s apparent that subjects were
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[A]

[B]

Figure 4.5: Risk landscapes plotted under data from four subjects. Purple triangles represent
finger positions from an individual touch trial, and the green triangle represents the mean finger
position across all of the touch trials. Black triangles are the finger locations from an individual lift
trial, and the white triangle is the mean finger position across the lift trials. [A] Risk landscapes for
touch data. It is apparent that the touch data falls within low risk areas for the touch landscape,
but the lift data does not fall within the low risk areas for this landscape. [B] Risk landscape for the
lift data. From the lift data, it seems that people are placing their fingers in positions that minimize
the object position risk. This suggests that people are planning for the object’s motion and placing
their fingers in locations that produce accurate object motion.

doing as the task demanded - reach to the line located at the center of gravity. There
is little variability between subjects because there was only a small range of positions
that satisfied the task (Figure 4.5A). Figure 4.5A also demonstrates that the lift data
does not fall within areas of low risk for the touch condition. This is important
because it is plausible that subjects are adhering to a generic control strategy that
works in several different situations (e.g., reach to the center of mass with a parallel
finger arrangement). However, this data suggests that people are not employing a
generic control strategy.
In the lift condition (Figure 4.5B), finger arrangements varied slightly across subjects.
However, they were not arbitrarily placing their fingers on the object as every subject
contacted the object with a staggered finger arrangement located on an area with
low object-motion risk. Notice that the areas of low object motion risk are extremely
small - for the average finger position, there are ≤ 5mm of low cost thumb positions.
Since the landscape puts a cost on the object’s motion, it can be assumed that people
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were planning for the object’s motion and placing their fingers in positions to achieve
the desired motion, with minimum force and torque.

4.9

Discussion

The empirical results show that people use a parallel finger arrangement and contact
the cylinder with zero velocity in the touch condition, whereas they use a staggered
finger arrangement and contact the cylinder with positive x-velocity, in the horizontal lift condition (Figure 4.3). Moreover, it was demonstrated that people use
different finger arrangements across cylinder orientations in the lift condition. These
differences are not observed in the touch condition, suggesting that changes in finger
contact locations and velocities are the result of the differential effect of gravity on the
dynamics of lifting the cylinder. These results support the idea that contact points
are selected to optimize a loss function on object motion. More generally, these results suggest that people understand the physics involved with lifting an object and
that reach planning is hierarchical with object motion determining contact conditions
and trajectory controls.
This theoretical framework provides an explanation for previous empirical findings
demonstrating that hand shaping [3] and contact locations vary according to the
task demands [21] and the predictability of the object’s center of mass [74]. More
specifically, previous research [3] found that the hand displayed gradual preshaping
to the object when the task required lifting, but not for other conditions. This agrees
with the proposed loss function since the effects of gravity must be accounted for
when performing a lift, but not when simply reaching to the object. Unlike previous
research, the proposed loss function can predict the changes in contact locations (and
velocities) people display when lifting an object.
Moreover, previous research has demonstrated that the contact locations people select
on a vertically oriented cylinder are inversely proportional to the height in which they
are required to place the cylinder on a shelf [21]. The authors propose an explanation
for this finding by stating that contact locations are selected that allow for kinematic
comfort when transporting the object. Although the current model does not account
for kinematic terms, this is a likely reason why finger arrangement 1 (Figure 4.4B)
was preferred to finger arrangement 3 (i.e., since subjects reached with their right
hand, finger arrangement 3 would require the hand to ”roll-over” itself in an unusual
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position). Although taking this term into consideration would result in a reduced risk
landscape, it does not explain the results produced in this and other (e.g., [74, 3])
experiments. Indeed, it could be that subjects are using a loss function similar to the
one proposed in this chapter, and pruning-off possible finger positions by other (i.e.,
kinematic) loss terms.
Other research [74] has shown that peoples’ contact locations change when the center
of mass was predictable, but did not change when it could not be predicted. These
results are consonant with the current model since people must be able to predict the
physical dynamics of object manipulation in order to select contact conditions that
achieve an object motion with minimum force. Such a forward model is only accurate
if the important physical properties of the object can be accurately estimated. The
major benefit of the current model is that it directly predicts the changes in contact
locations people will display across tasks and objects. Moreover, it is also capable
of predicting the changes in velocity displayed when people lifted objects at varying
orientations (Figure 4.3).
Overall, this chapter proposed a natural loss function that was able to predict changes
in contact locations observed in this study, in addition to data from previous research.
The loss function is based on the physics of object manipulation and assumes that
people choose contact locations that produce accurate object motion with minimum
force. Future studies could investigate how these forward models are learned and the
role of sensory information in this process as many of the physical properties needed
cannot be directly observed. The next chapter will proved a summary of this thesis, in
addition to providing domains of research that may benefit from a decision theoretic
approach.
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Chapter 5
General Discussion
This paper argued that SDT has utility for understanding natural human behaviors.
However, in order for the brain to actively estimate the expected risk for a particular
movement, it necessitates that it understands both its uncertainty and the loss function that is associated with the task. Therefore, evidence that people appear to be
grasping objects in a manner consistent with these ideas is summarized below.

5.1

Summary of Compensation for Visual Uncertainty

Chapter 2 demonstrated that people are estimating and adjusting for their visual
uncertainty when making grasping movements. People adjusted their MGA according
to the amount of visual uncertainty in the task. They also appeared to adjust their
grasp by extending their finger along a principal axis of change. These results suggest
that the brain compensates for target location uncertainty by scaling MGA along a
primary axis. Moreover, it appears that people are using a more conservative grasping
strategy in the presence of uncertainty to minimize the probability of colliding with
or missing the target.
Although these results demonstrate that increases in uncertainty led to more conservative grasping behavior, in some cases it may beneficial to perform additional
”information seeking” behaviors to reduce uncertainty before acting. For example, if
someone were viewing a television program and wanted to grasp their beverage, they
could either reach to the drink without removing fixation from the screen, or saccade
to the target location before making the reach. In this example, the first scenario is
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similar to the task being performed in our experiment (i.e., reaching to peripherally
viewed objects) and should lead to more conservative reaching behavior. However,
in the second scenario the observer makes a saccade to gain additional information
before performing their reach. As a result, the observed grasping behavior should be
similar to those of a foveal reach (i.e., smaller MGA).
This raises the issue of when it’s optimal to act under high levels of uncertainty and
when is it optimal to seek additional information to reduce uncertainty. Indeed, it
may be that the cost of making particular errors plays a crucial role in this process.
For example, when driving a vehicle in heavy traffic, it is less costly to collide with or
miss your beverage than to collide with another vehicle. Therefore, this would predict
that people should maintain fixation on the road while reaching to their peripherally
viewed drink. Conversely, if the driver performed the same task when traffic is light,
they may perform information seeking behavior by saccading to the beverage before
making their reach. Future research could explicitly test these ideas to assess the
trade-off between reaching under uncertainty and information seeking strategies.

5.2

Summary of Compensation for CTU

In addition to MGA scaling with visual uncertainty, Chapter 3 showed that people
account for their coordinate transformation uncertainty (CTU) when performing a
grasping task. CTU results from inaccurate knowledge about the relative location of
body-segments, and leads to the degradation of estimates as they are passed between
coordinate frames. The results of this effort suggest that the brain is aware of CTU
and that it incorporates this knowledge into reach plans. Moreover, these results
suggest that CTU should be considered in cases when multimodal cue combination
is being performed and body-position is not held fixed.
Visual uncertainty (Chapter 2) and CTU (Chapter 3) are both examples of uncertainty that is the result of internal limitations of the system (i.e., visual uncertainty
results from the layout of photoreceptors on the retina; and CTU results from inaccurate sensory knowledge about the relationship between body segments). However, it
is also possible that our brain should adjust for external sources of uncertainty when
making a grasp. For example, when seated at a desk the arrangement of items on
the desk (e.g., coffee cup, phone) is relatively consistent, although there is usually
some variability between where an item is located one day compared to the next. If
84

someone wished to grasp an object, the brain could use knowledge about the distribution of possible object locations to plan a saccade that maximizes the probability
of acquiring reliable visual information to guide the reach. Future research of mine
will investigate this idea by explicitly manipulating the uncertainty in the target’s
location and assessing its impact on subsequent eye and hand movements. Other
sources of external uncertainty that could be further investigated include uncertainty
in the target’s identity [104], uncertainty in the target’s shape, and uncertainty in the
object’s friction. These efforts would provide a comprehensive picture for how both
internal and external sources of uncertainty are used by the brain when performing
actions.
The experiments described in this thesis have demonstrated that uncertainty resulting
from visual information and CTU are estimated when making a grasp. However, in
order to compute the expected risk, it also necessitates that the loss function for the
task be known. An effort to reverse-engineer a loss function for grasping was proposed
in Chapter 4 and is summarized below.

5.3

Summary of Natural Loss Functions

Chapter 4 of this paper outlined and formalized a natural loss function for human
reach and grasp. The chapter emphasized the importance of this loss function for
predicting contact conditions across tasks. An experimental test of the model showed
that people are placing their fingers in locations that produce accurate object motion
with minimum force. These results suggest that the brain understands the physics
involved with object manipulation and that people may be planning for the intended
motion of the object.
In addition to understanding the loss function that predicts natural grasping behavior, it is also desirable to understand what strategy the brain uses to guide the
coordination between the eyes and hands. When performing a natural task, such
as dialing an unfamiliar phone number, our eyes and hands work in concert to both
gain the information needed about the phone number and to guide the hand to the
appropriate location on the phone pad. Despite the fact that natural tasks require
both eye and hand movements, most of the existing research has studied eye and hand
movements in isolation. Future research of mine will investigate the principals that
drive this naturally occurring synergy under differential conditions of reward/loss.
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Overall, this paper demonstrated that the brain adjusts for visual uncertainty and
CTU when performing grasping movements. Moreover, a natural loss function was
proposed that can account for variations in the contact conditions people use when
making a grasp. Together, these results imply that SDT can be used to understand
natural movements, such as reach and grasp. However, SDT could also be useful for
modeling many different perception-action cycles, illustrated by the next section.

5.4
5.4.1

Applications to Other Perception-Action Cycles
Human Navigation

One example of a perception-action cycle that could benefit from a SDT approach
is human navigation. Advances in robotics have developed useful algorithms that
select landmarks based on the error they reduce (e.g, [108]). It is argued here that
humans may be doing something similar. Perhaps the role of landmarks is to reduce
the uncertainty in position and action space. It would be interesting to develop an
Bayesian algorithm that optimally selects landmarks on the basis of the uncertainty
they reduce. The algorithm could then be compared to human performance to assess
if these same landmarks are being selected by humans. If the algorithm and human
behavior match, it would suggest that people are selecting landmarks that optimally
reduce position and action uncertainty.
Another useful tool developed in the AI community is called inverse reinforcement
learning (IRL) [85]. Essentially, IRL derives the loss functions people are using from
the actions they made at particular states. The authors suggest that this technique
is appropriate when there is no good reason to assume a loss function for the task
(i.e., much of psychology). Using this technique in navigation may provide insight
as to what loss functions people are using and how they affect subsequent navigation performance. The above two approaches allow for the exploration into the role
of uncertainty and loss functions in human navigation. This is one example of a
perception-action cycle to which SDT can be applied, while another that investigates
the utility of SDT for intelligent vehicle design is provided below.
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5.4.2

Intelligent Vehicles

Engineers have been striving to introduce new technologies into vehicles since the
inception of the automobile. For example, a recent technology has been proposed
that improves the contrast of the environment during nighttime driving. Although
the intuition may be that this technology will improve driving performance, ”night
vision” for vehicles should be approached with caution. There is a phenomenon in
human performance that is called behavioral homeostasis (e.g., [40]). In this example
it would suggest that introducing a piece of technology that improves safety (i.e., night
vision), will subsequently lead to more hazardous behavior (i.e., increase speed).
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Figure 5.1: Figure illustrates how night vision HUDs may lead to increased speed when introduced
into vehicles. The diagram assumes that people are willing to accept some threshold of risk (i.e.,
probability of crashing) when driving. Please note that some people (2) are willing to accept more of
a risk than others (1). Regardless of the level of risk people are willing to accept, introducing night
vision into vehicles (blue line) will decrease the probability of crashing by reducing the uncertainty
in the task, compared to when there is no night vision (red line). The result is that people can now
increase their speed (e.g., 10 mph) to maintain their desired level of uncertainty. This increase in
speed could have an impact on several accident factors such as average dollars per crash, average
severity of injury or the probability life will be lost. Therefore, considerations should be taken before
introducing this kind of technology into vehicles.

In the context of SDT, this implies that the reduction in uncertainty lead to an
increase in speed. A loss function attempts to maintain a constant (low) probability
of crashing would account for these behavioral results (Figure 5.1). Suppose people
choose their speed by accepting some low probability of crashing. Introducing night
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vision into vehicles lowers the probability they will crash. Therefore, people can
increase their speed to levels above those when night vision is absent.
If the loss function and uncertainty in the task could be derived, it would be extremely
useful to many groups. For example, engineers could predict the reduction in uncertainty introducing new technologies would provide. Similarly, government officials
could assess the predicted increase in speed that would result from the technology.
They could cross-reference that information with accident data to see how the speed
increase could influence such things as average damage per crash (in dollars), average
injury rate and severity, and average death rate. Government officials could then
use that information to determine whether or not the expected monetary gain for
introducing the technology is worth the predicted accident risk.

5.5

Conclusion

This paper attempted to demonstrate that SDT lends itself well to human perception
and action. From the work described in the paper and the above examples, hopefully
the utility of using SDT for human perception-action cycles is apparent. Since the
field is only in its infant stage, it will be exciting to see how this approach can advance
our understanding of natural human behavior.
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Appendix A
Data Modeling
We developed a probabilistic model that simulates how target location information is
combined and stored in order to compare to the grasping data presented here, as well
as the pointing data presented in [71]. In this section the computations are structured
to clearly define the dependence of reaches on the most recent sensory information
and to illustrate the effects of coordinate transformation uncertainty.
The basic computations and assumptions of the model are as follows. We assume
remembered target location can be represented by a probability density function.
For example, the memory distribution for eye-centered coordinates is represented by
pmem (x|mk−1 ), where x is the target location in eye-centered coordinates and mk−1
summarizes visual and haptic experience up to the k − 1th trial. At each trial before
the k th reach, perceived target location is computed by combining recent sensory data
with target information in memory. The perceived target location is represented by a
density function px (x|vk , hk−1 , ek−1 , mk−1 ), that makes explicit the dependence on the
current trial’s visual information vk (when available) and the previous trial’s haptic
information hk−1 (which introduces dependence on eye position information ek−1 ). Finally, it is assumed reach actions are based on perceived target location transformed
to body-centered coordinates, represented by py (y|vk , hk−1 , ek−1 , mk−1 , ek ), and potentially corrupted by CTU due to errors in eye position sensing (for eye-centered
storage).
First, expressions for perceived target location and the effects of CTU are derived.
To derive explicit formula for perceived object location, Gaussian approximations
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are used for all distributions, where N (x; µ, σ 2 ) denotes a Gaussian density on x
with mean µ and variance σ 2 . However, all distributions in the model are realistic
insofar as the parameters are known. Specific assumptions about the form of these
distributions are described in Chapter 3.

A.1

Perceived Target Location in Eye-Centered Coordinates

To form the distribution on perceived target location, visual information from the
current trial p(vk |x) and haptic information from the previous trial p(hk−1 |x, ek−1 )
are combined with memory using probabilistic inference. This results in the following
expression, when the target is visible:

px,vis (x|vk , hk−1 , ek−1 , mk−1 ) =

pmem (x|mk−1 )p(vk |x)p(hk−1 |x, ek−1 )
p(vk , hk−1 |ek−1 , mk−1 )

(A.1)

and the following expression when the target is not visible:

px,occ (x|hk−1 , ek−1 , mk−1 ) =

pmem (x|mk−1 )p(hk−1 |x, ek−1 )
p(hk−1 |ek−1 , mk−1 )

(A.2)

where vk denotes the retinal location of the target, hk−1 is the target location information conveyed by touching the object on the previous trial, ek−1 are eye position
signals used to bring haptic information into eye-centered coordinates (discussed below), and the probabilities in the denominators are normalization constants that do
not affect inference.
We model visual and haptic distributions as Gaussian:
p(vk |x) = N (vk ; x, σv2 )
2
)
p(hk−1 |x, ek−1 ) = N (hk−1 ; hx , σh,x
2
pmem (x|mk−1 ) = N (x; µeye,k−1 , σeye,k−1
)

(A.3)
(A.4)
(A.5)

2
where hx and σh,x
are the mean and variance of the haptic distribution remapped into
eye-centered coordinates. Remapping has the effect of introducing bias and additional
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uncertainty due to errors in eye position sensing:
hx = 40◦ − we ek−1

2
2
= σh2 + σpe,k−1
σh,x

(A.6)

2
The terms ek−1 and σpe,k−1
are the mean and variance of a distribution describing
eye position inference, and we is a gain factor that encodes a bias in eye position
estimation toward forward view. Both of these are described in the next section
below.

The posterior distributions for target location with and without visual information
are Gaussian:
2
px,vis (x|vk , hk−1 , ek−1 , mk−1 ) = N (x; µx,vis , σx,vis
)
2
px,occ (x|hk−1 , ek−1 , mk−1 ) = N (x; µx,occ , σx,occ
)

with formulas for mean and variance given by:
µx,vis =
2
σx,vis

1
2
σx,vis

v
hx
µeye,k−1
+ 2+ 2
2
σeye,k−1 σv σh,x

2
2
σeye,k−1
σv2 σh,x
=
2
2
2
σeye,k−1
(σv2 + σh,x
) + σv2 σh,x

µx,occ =
2
σx,occ
=

hx
1 µeye,k−1
+ 2
2
2
σx,occ σeye,k−1 σh,x
2
2
σeye,k−1
σh,x
2
2
2
σeye,k−1
σh,x
+ σh,x

(A.7)
(A.8)

(A.9)
(A.10)

Models for visual and haptic information are presented in the Modeling Section.

A.2

Coordinate Transformations and Eye Position Sensing

Modeling coordinate transformations using probability theory involves defining a joint
distribution that relates the position of the target object in both coordinate frames
using the parameters of the transformation. Although this is complicated in general,
target location was represented in angular coordinates so that the transformation
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between head and eye coordinates becomes approximately linear1 : y = x + r, where
r denotes the azimuthal (angular) coordinate of the eye with respect to forward
view. Probabilistically the transformation is a transition kernel expressing the relation
between y and x for every value of eye position r: p(y|x, r). A transition kernel for the
linear transformation above can be represented by a Dirac delta function: p(y|x, r) =
δ(y − (x + r)). Information about eye position r is represented by p(r|e), where e
is a vector that summarizes efference copy of motor commands [72], proprioception
[107], and the retinal location of the fixation point [84]. Coordinate transformation
uncertainty arises from marginalizing the transition
Z
p(y|x, ek ) =

p(y|x, r)p(r|ek )dr

(A.11)

r

The effect of CTU is to introduce uncertainty in the relationship between x and y. In
2
) is approximately Gaussian (modeled
particular, assuming p(r|ek ) = N (r; we ek , σpe,k
below), the above integral results in:

2
p(y|x, ek ) = N (y; x + we ek , σpe,k
)

(A.12)

Using D to symbolize an arbitrary set of data, coordinate transformations from eye
to head-centered coordinates (and vice versa) integrate across the transition kernel
and incorporate available eye position signals:

Z
Eye → Head

p(y|D, ek ) =

p(x|D)p(y|x, ek )dx
x

and
Head → Eye

1
p(x|D, ek ) =
p(D|ek )

Z
p(D|y)p(y|x, ek )dx (A.13)
y

where p(D|ek ) in the second expression is a normalization constant. These transformations arise when information in eye-centered coordinates is transformed to body1

The approximation stems from the fact that the eye is offset from the center of the head and
that the eye does not rotate around its center. However, the offset is constant and hence does not
affect the results, and the effect of off-axis eye rotation is neglige compared to the rotation.
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centered before a reach, and when haptic information is brought into eye-centered
coordinates. Because Equations A.14 are convolution integrals given the form of the
density in Equation A.12, the effect of CTU is to shift the mean of the transformed
2
. For haptic information brought
distribution by we ek and to its variance add σe,k
into eye-centered coordinates, the effects of CTU previously have been shown in
Equation A.6. Using Equation A.14 to modify the expressions in Equations A.8 &
A.10 for perceived target location in eye-centered coordinates, the distributions for
perceived target location in head-centered coordinates are given by:

Z
py,vis (y|vk , hk−1 , ek−1 , mk−1 , ek ) =

px,vis (x|vk , hk−1 , ek−1 , mk−1 )p(y|x, ek )dx
x

2
2
= N (y; µx,vis + we e, σx,vis
+ σpe,k
)

(A.14)

with vision and without vision by:

Z
py,occ (y|vk , hk−1 , ek−1 , mk−1 , ek ) =

px,occ (x|hk−1 , ek−1 , mk−1 )p(y|x, ek )dx
x

2
2
= N (y; µx,occ + we e, σx,occ
+ σpe,k
)

(A.15)

Next eye position sensing is modeled, after which the model components are pulled
into the form used to generate data predictions.

A.3

Modeling Eye Position Sensing

We assume that the distribution encoding eye position p(r|e) is derived from e and
prior information p(r) according to Bayes’ formula:

p(r|e) = Z

p(r)p(e|r)

,

(A.16)

p(r)p(e|r)dr
r

where p(e|r) = N (e; r, σe2 ), and σe2 = (.05 ∗ e + 0.05)2◦ [116, 84], models the eye
position signals as unbiased but with signal-dependent noise that varies as a function
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of eye position . The prior on eye position p(r) reflects the fact that the eyes are
usually forward with respect to the head [106]. For the simulations, the Gaussian eye
position prior was fixed to be N (r; 0, σr2 = 100◦ ). The posterior distribution has the
form:

2
p(r|e) = N (r; µe , σpe
)

where we =

A.4

σr2
,
σe2 +σr2

2
σpe
= we σe2 and µe = we e.

Perceived Object Location in Head-Centered Coordinates

Expressions for the mean and variance of the perceived object distribution in headcentered coordinates are generated below. Predictions for pointing and grasping based
on these results are found in the Results.

2
Let µeye , σeye
denote the average mean and variance of the memory distribution in
eye-centered coordinates.
Combining Equations A.14 & A.15 with Equations A.8, and A.10 results in the
following expressions:
Target Visible, Eye-centered coordinates

2
µy,vis,eye = σy,vis,eye

2
σy,vis,eye

µeye
v
h − we ek−1
+
+
2
2
σeye
σv2 σh2 + σpe,k−1

!
+ we ek

2
2
σeye
(σh2 + σpe,k−1
)σv2
2
+ σe,k
=
2 (σ 2 + σ 2
2 (σ 2 + σ 2 + σ 2
)
+
σ
)
σeye
v
v
h
pe,k−1
h
pe,k−1
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(A.17)

Target Occluded, Eye-centered coordinates

A.5

h − we ek−1
µeye
+ 2
2
2
σeye σh + σpe,k−1

µy,occ,eye =

2
σy,occ,eye

2
σy,occ,eye
=

2
2
σeye
(σh2 + σpe,k−1
)
2
+ σpe,k
2
2
2
σeye + σh + σpe,k−1

!
+ we ek
(A.18)

Storing Information in Head-Centered Coordinates

To model storage in head-centered coordinates, all the computations above remain
the same, except the memory update is performed in head-centered coordinates y,
with memory distribution p(y|mk−1 ). When visual information is available the headcentered memory distribution is updated as follows:
Target Visible, Storage in head-centered coordinates

2
µy,vis,head = σy,vis,head

2
σy,vis,head
=

µhead
v + we ek
h
+ 2
+ 2
2
2
σhead σv + σpe,k σh

!

2
2
σhead
(σv2 + σpe,k
)σh2
2
2
2
σhead
(σv2 + σh2 + σe,k−1
) + σh2 (σv2 + σpe,k−1
)

(A.19)

Target Occluded, Storage in head-centered coordinates



µy,occ,head =

2
σy,occ,head

2
σy,occ,head
=

2
σhead
σh2
2
σhead
+ σh2

µhead
h
+ 2
2
σhead σh



(A.20)

Without vision, integrating across v and x removes all dependence between y and
r and hence there is no eye position dependence for memory distributions stored in
head-centered coordinates.
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